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Abstract

In this study, third-order fuzzy differential equations are studied using fuzzy Laplace
transform under the approach of Hukuhara differentiability. Examples are solved.
Graphics of the solutions are drawn. Conclusions are given.
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Fuzzy Laplace dontistimiiyle tigiincii-mertebe fuzzy diferansiyel
denklemler iizerine

Oz

Bu ¢alismada, Hukuhara diferansiyellenebilirlik yaklasimi altinda fuzzy Laplace
donitistimii kullanarak tigiincii-mertebe fuzzy diferansiyel denklemler ¢alisildi. Ornekler
coziildii. Coziimlerin grafikleri ¢izildi. Sonuclar verildi.

Anahtar kelimeler: Fuzzy diferansiyel denklem, fuzzy baslangic deger problem,
Hukuhara diferansiyellenebilirlik, fuzzy Laplace doniisiim.

1. Introduction

In recent years, theory of fuzzy differential equations has been rapidly growing. In
many papers, solutions of fuzzy differential equation were studied by many different
approaches [1-6]. Fuzzy initial or boundary value problems are solved by the fuzzy
Laplace transform method. This method is practically important method. Because,
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problems are solved directly by fuzzy Laplace transform. Thus, many researchers used
fuzzy Laplace transform in papers to solve fuzzy differential equations [7-11].

The aim of this work is to research solutions third-order fuzzy differential equations by
fuzzy Laplace transform under the Hukuhara differentiability.

This paper is organized as follows:

In section 2, main definitions and theorems are given. In section 3, problems are defined
and solved by fuzzy Laplace transform. Then, examples are given. In last section,
conclusions are presented.

2. Main definitions and theorems

Definition 2.1. [12] A fuzzy number is a function u: R — [0,1] satisfying the following
properties:

1. w is normal,

2. u is convex fuzzy set,

3. u Is upper semi-continuous on R,

4. cl{x € Rlu(x) > 0} is compact, where cl denotes the closure of a subset.

Let R be the space of fuzzy numbers.

Definition 2.2. [12] Let be u € Ry. The a-level set of u is [u]* = {x € Rlu(x) = a},
0<ac=<sl.

If « = 0, the support of u is defined as [u]° = cl{x € R|u(x) > 0}.

Definition 2.3. [10] A fuzzy number w in parametric form is a pair [w,, %, | of functions
Uy, Ug, 0 < a < 1, which satisfty the following requirements:

1. u, is bounded non-decreasing left-continuous in (0,1], right-continuous at & = 0.
2. u, is bounded non-increasing left-continuous in (0,1], right-continuous at « = 0.
3 U S U, 0 a1

Definition 2.4. [12] If A is a symmetric triangular number with support [a, @], the a-
. a-a — a-a

level set of A is [A]* = [g + (T) a,a— (T) a].

Definition 2.5. [6] Let be u, v € Rg. If there exists w € Ry such that u = v + w then w

is called the H-difference of u and v and it is denoted u © v.

Definition 2.6. [8] Let f:(a,b) — Ry and t, € (a, b). If there exists f'(ty) € Rg
such that for all h > 0 sufficiently small, 3f(t, + h) © f(t,), f(ty) © f(t, — h) and
the limits holds

I o+ Of(t) | f(t) © f(to—h)
im = lim

h—0 h h—0 h

= f'(o),

346



BAUN Fen Bil. Enst. Dergisi, 22(1), 345-353, (2020)

f is Hukuhara differentiable at ¢,.

Definition 2.7. [8] Let f: (a,b) — Ry and t, € (a, b). If there exists f'(t,) € Ry such
that for all h > 0 sufficiently small, 3f(t, + h) © f(ty), f(ty) © f(t, — h) and the
limits holds

i (@D OTE) [ O Sl _ py

h—0 h h—0

f is (1)-differentiable at t,. If there exists f'(t,) € Ry such that for all h >0
sufficiently small, 3f(t,) © f(t, + h), f(to — h) © f(t,) and the limits holds

. f@)Oflte+h)  f(to—h) O f(to)
m = lim —

flzl—>0 —h h—0 h

= f'(to),
f is (2)-differentiable.

Definition 2.8. [10] The fuzzy Laplace transform of fuzzy function f is
o p P _
F(s) =L(f(®)) =]O e SEF(t)dt = [plgr})ojo es f(t)dt'plflojo e”s f(t)dtl.
F(s,@) = LUIFOID = [ (£0).L (F,©)],
© p
L(fa(t)>=]0 e~s }_Ca(t)dt=pl£r(1>ojo e~ f,(0)dt,

L(F, ) =f e (dt = lim, [PestF (odt.

Theorem 2.1. [7] Let f'(t) be an integrable fuzzy function and f(t) is primitive of
f'(t) on (0, 0]. Then,

L(f'(®) = sL(f () © f(0),
where f is (1)-differentiable or
L(F'®) = (=f(0)) © (-sL(F®))
where f is (2)-differentiable.

Theorem 2.2. [11] Suppose that f(t), f'(t) and f''(t) are continuous fuzzy-valued
functions on (0, o] and of exponential order and f''(t) is piecewise continuous fuzzy-
valued function on (0, o] with f(t) = [i(t, a), (¢, a)], then

L(f"(®) = s*L(F (1)) © s2f(0) © sf'(0) © f"(0).
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3. Findings and Results

We study solutions of fuzzy initial value problems

u"+Au' =0, x>0 1)
u(0) = [B1*,u'(0) = [y]%, u"(0) = [6]* )
and

u"—Au'=0, x>0 3
u(0) = [B]%, u'(0) = [y]*, u"(0) =[6]" (4)

by fuzzy Laplace transform under the Hukuhara differentiability, where [B]* =
[E“’Ea]' [y]* = [Za'7a]'[5]a = [ga,Sa] are symmetric triangular fuzzy numbers,
A > 0 and Laplace transform of fuzzy function u(x) is L(u(x)) = U(s).

I) Consider the fuzzy problem (1)-(2). Using fuzzy Laplace transform to fuzzy
differential equation (1),

s3U(s) © s?u(0) © su'(0) O u"(0) + A(sU(s) O u(0)) =0 (5)
is obtained. Using Hukuhara difference and fuzzy arithmetic, we have equations

§3Uy(s) — s%uq (0) — suq(0) — ug (0) + AsU,(s) — Aug (0) = 0, (6)
s3U 4 (s) — s2u,(0) — su,(0) — u, (0) + AsU,(s) — Au,(0) = 0. (7

Using initial conditions (2),

— & Ya Sa
Q“(S) - s + SZ+A + s(s2+1) (8)
T7 i & 7(1 S(Z
U“(S) T s s2+1  s(sZ2+A) (9)

Taking inverse Laplace transform, lower and upper solutions of fuzzy initial value
problem (1)-(2) are obtained as

Ug(x) = Bo + %sin(ﬁx) + QA—“ (1 - cos(\/zx)), (10)
u,(x) =B, + %sin(ﬁx) + i—“ (1 — cos(ﬁx)). (11)

Example 3.1. Consider fuzzy initial value problem

WU = 0, (12)
u(0) = [0]%, u'(0) = [1]%, u"(0) = [2]% (13)

where [0]* =[-1+4+a,1—a], [1]*=[a,2—«a], [2]* =[1+ a,3 — a].

Using the fuzzy Laplace transform, fuzzy solution is
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Uy(x) = (=14 a) + asin(x) + (1 + a)(l — cos(x)),

(14)

U (x) =(1—a) + (2 —a)sin(x) + (3 — a)(l — cos(x)), (15)
[w()]® = [ua (%), % ()], (16)
if 2e® 5 o Ba® gy () <, (%), [wx)]® is a valid a —level set. Then, it

Jda a =
must be 2 + sin(x) — cos(x) = 0.

According to Figure 1, [u(x)]* is a valid a —level set. Also, since

u; (x) = sin(x) + 2(1 — cos(x)) = uy (x),

(17)

u; (%) — ue(x) = (1 — @)(2 + sin(x) — cos(x)) = Ug (x) —u; (%), (18)

[u(x)]* is a symmetric triangular fuzzy function.

According to Figure 2, we can see that [u(x)] is a valid fuzzy level set and symmetric
fuzzy function.

10 15 20

Figure 1. The graphic of the function f(x) = 2 + sin(x) — cos(x).

i /

05 10 15 20

Figure 2. The graphic of [u(x)]* for a = 0.5.
red = ug(x), blue — ug(x), U (x) =y (x).

I1) Consider the fuzzy problem (3)-(4). Using fuzzy Laplace transform to fuzzy
differential equation (3),
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s3U(s) © s?u(0) © su'(0) O u"(0) — A(sU(s) O u(0)) =0 (19)
is obtained. Using Hukuhara difference and fuzzy arithmetic, we have equations

s3U,(s) — s2uq(0) — sul(0) — uly(0) — AU, (s) + A, (0) = 0, (20)

$3U 4 (s) — 521, (0) — sty (0) — Uy (0) — AU, (s) + Au, (0) = 0. (21)

Using initial conditions (4),

(éa_lﬁa) (22)

Szgﬁl(s) - Aﬁa(s) = Sﬁa + Za +

- e
s°Uq(s) — AUy (s) =sB, +v, +

N

— «

(23)

Substituting U, (s) in the equation (22) by the equation (23) and making the necessarry
operations,

()_ 3£ SZZa 584 + 7, A(Ea—lﬁa)
$ s4—A%2  s%—)]2  s%-)2  4-)2 s(s*=12)

(24)

Is obtained. Taking inverse Laplace transform, lower solution of fuzzy initial value
problem (3)-(4) is obtained as

Uq (x) = &(ev_x” oy cos(\/_x)> ( A . gt sm(\/—x)>
+%<M - cos(\/_x)> Lo <M + cos(\/_x)>

2

Sa_a o Vax , ,—VAx ;
+( Ag )(_1 Lo Fre x| sm(ﬁx))_ (25)
4 2
Similarly, upper solution of fuzzy initial value problem (3)-(4) is obtained as
B [ eVAxo—Vax eVax_
u,(x) = ﬂz < e T4 cos(\/_x)> < c + sm(\/_x)>
= eVAxX 4 o—VAx _VAx VaAx
+? <+ - cos(\/_x)> L <L + cos(\/_x)>
_ Vax . ,—V2x ;
+ (8a—2B,) (_1 4 e e n sm(\/_x)>. (26)
2 4 2
Example 3.2. Consider fuzzy initial value problem
u” —u' =0, (27)
u(0) = [0]*, u'(0) = [1]*, u"(0) = [2]% (28)

where [0]* =[-14+a,1—a], [1]*=[a,2—«a], [2]*=[1+4+ a,3 — a].

Using the fuzzy Laplace transform, fuzzy solution is
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Ua(x) = 1+a) <e vel cos(x)) (ex_e_x + sin(x))

+ (12(1)( X+2e - cos(x)) (- a)< + cos(x))

+(4 - 20) (-1 4+ 22 4 ), (29)
U, (x) = (1;a) (e te” + cos(x)) (2- a)( + sm(x))

+(3;;“)<¥ — cos(x)) > ( er + cos(x))

+2a(—1+e < -+“§”), (30)
[u()]* = [uq(x), 2 (x)]. (31)
If 2 > 0, e < 0,y (x) < Ty (), [u(x)]® is a valid @ —level set. Then, it

mustbe 4 + e¥ —e™* — (sin(x) + cos(x)) > 0.
According to Figure 3, [u(x)]* is a valid a —level set. Also, since

wy(x)=e*+e™+ ; (sin(x) — cos (x)) — 2 = u; (x),
(32)

0y () = U () = (1 — @) (20 4 9) = 7, () — Ty (), (33)

[u(x)]* is a symmetric triangular fuzzy function.

According to Figure 4, we can see that [u(x)]* is a valid fuzzy level set and symmetric
fuzzy function.

10000

2 4 6 8 10

Figure 3. The graphic of the function g(x) =4+ e* —e™ — (sin(x) + cos(x)).

351



GULTEKIN CITIL H.

10

Figure 4. The graphic of [u(x)]* for a = 0.5.
red = uy(x), blue — u,(x), uq (%) = uy (%).

4. Conclusions

In this paper, fuzzy initial value problems for third-order fuzzy diferential equation with
positive and negative constant coefficients are studied. Solutions are found by fuzzy
Laplace transform. Examples are solved. Graphics of solutions are drawn. It is seen that
solutions are valid fuzzy functions. Also, it is shown that when initial values are
symmetric triangular fuzzy numbers, solutions are symmetric triangular fuzzy functions.
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