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ABSTRACT. Using the matrix representation form, the first, second, third,
fourth, and fifth derivatives of 5th order Bézier curves are examined based
on the control points in E3. In addition to this, each derivative of 5th order
Bézier curves is given by their control points. Further, a simple way has been
given to find the control points of a Bézier curves and its derivatives by using
matrix notations. An example has also been provided and the corresponding
figures which are drawn by Geogebra v5 have been presented in the end.

1. INTRODUCTION

French engineer Pierre Bézier, who used Bézier curves to design automobile bod-
ies studied with them in 1962. But the study of these curves was first developed in
1959 by mathematician Paul de Casteljau using deCasteljau’s algorithm, a numer-
ically stable method to evaluate Bézier curves. A Bézier curve is frequently used
in computer graphics and related fields, in vector graphics, and in animations as
a tool to control motion. To guarantee smoothness, the control points at which
two curves meet must be on the line between two control points on either side. In
animation applications, such as Adobe Flash and Synfig, Bézier curves are used to
outline, for example, movement. Users outline the wanted path in Bézier curves,
and the application creates the needed frames for the object to move along the
path. For 3D animation Bézier curves are often used to define 3D paths as well as
2D curves for key frame interpolation. We have been motivated by the following
studies. First Bézier-curves with curvature and torsion continuity has been exam-
ined in [6]. Also in [4], [7] and [10], Bézier curves and surfaces has been given.
In [1] and [5], Bézier curves are designed for Computer-Aided Geometric Designs.
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Recently equivalence conditions of control points and application to planar Bézier
curves have been examined in [§] and [9].The Serret-Frenet frame and curvatures of
Bézier curves are examined those in E* in [3|. Frenet apparatus of the cubic Bézier
curves and involute of the cubic Bezier curve by using matrix representation have
been examined in E3, in [11] and [12], respectively.

2. PRELIMINARIES

A Bézier curve is defined by a set of control points Py through P,, where n is
called its order. If n =1 for linear, if n = 2 for quadratic, if n = 3 for cubic Bézier
curve, etc. The first and last control points are always the end points of the curve;
however, the intermediate control points (if any) generally do not lie on the curve.
Generally, Béziers curve can be defined by n + 1 control points Py, Py, ..., P, and
has the following form:

B(t) = n)t’l—t’”t P, telo,1],

0= ()¢ a0 w e, e

where () = #LI), are the binomial coefficients [2]. The points P; are called
control points for the Bézier curve. The polygon formed by connecting the Bézier
points with lines, starting with Py and finishing with P,, is called the Bézier polygon
(or control polygon). The convex hull of the Bézier polygon contains the Bézier
curve.

The derivatives of the any Bézier curve B(t) is

n—1
n—1 i n—i—
=3 (" )0 e
where Qozn(Pl _PO);QI :TL(PQ—Pl),QQ :77,(P3—P2),... iQI
Given points Py and P;, a linear Bézier curve is simply a straight line between
those two points. Linear Bézier curve is given by

a(t) = (1—t) Py + tP,

and also it has the matrix form with control points Py and P;

at)y=[t 1][_11 éHﬁ;]

A quadratic Bézier curve is the path traced by the function «(t), given points
Py, P, and P», which can be interpreted as the linear interpolant of corresponding
points on the linear Bézier curves from Py to P; and from P; to P», respectively.
A quadratic Bézier curve has also the matrix form with control points Py , P; and
Py

1 -2 1 Py
at)y=[1 t 1] —12 g 8 ?
2
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Four points Py, Py, P», P3, and P, in the plane or in higher-dimensional space
define a cubic Bézier curve with the following equation
at)= (1=t Py+3t(1—t)° Py +3t> (1 —t) Py + tPs.

We have already examined the cubic Bézier curves and involutes in [11] and [12], re-
spectively. The matrix form of the cubic Bézier curve with control points Py, Py, Ps,
and Pj is

-1 3 =31 Py

: 3. -6 3 0 P

— 3 2 1
ay=[# ¢ ¢t 1] % 5 o P,

The matrix form of the first derivative of a cubic Bézier curve based on the
control points Py, Py, P>, and Ps is

-3 9 -9 3 ]]jo

ody=[¢ t 1]| 6 -12 6 0 P
2

=3 3 0 0]y

The first derivative of a cubic Bézier curve is a quadratic Bézier curve with control
points 62():3(f)1—P0)7 Ql :3(P2—P1), and 622:3(P3—P2)7

1 -2 1 3(PL— Py)
dy=[# t 1]]| -2 2 0 3(Py— Py)
1 0 0 3(Ps— Py)

The matrix form of the second derivative of a cubic Bézier curve based on the
control points Py, Py, P>, and Ps is

Py

" -6 18 —18 6 Py
6 —12 6 0 Py

Py

The second derivative of a cubic Bézier curve is a linear Bézier curve with control
points 6 (P, — 2P, + Fy), and 6 (Ps — 2P, + Py),

wo=le 0[5 o[ |

Five points Py, Pi, P», P53, and Py in the plane or in higher-dimensional space define
a 4th order Bézier curve with the following equation

alt) =) (;L)tf =0T @W[P], telo,1].

1=0
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The matrix form of the 4th order Bézier curve based on the control points is

1 -4 6 —4 1 P,

-4 12 —-12 4 0 Py

at)y=[t* & ¢ ¢t 1] 6 —-12 6 0 0 P
-4 4 0 0 O Py

1 0 0 0 0 P,

3. 5" ORDER BEZIER CURVE AND ITS DERIVATIVES
Definition 1. In the plane or in higher-dimensional space define a 5" order Bézier
curve with six points Py, Py, P, P3, Py, and Ps and it has the following equation

5

alt) =) (?) -0 @), telo1].

I=0

Theorem 1. The matriz representation of 5" order Bézier curve with control
points Py, Py, Pa, P3, Py, and Ps is

1 5 -10 10 -5 11[nR
5 —20 30 -20 5 0|

, 10 30 -3 10 0 ol]|~P

_ 5 4 3 2 2
af) =& ¢ © & ¢ 1] 0" 0 19 o o ol p
5 5 0 0 0 0]]|mn

1 0 0o o o0 o0ll|nr

Proof. We have already found that

at)y=[t ¢+ 2 * t 1][BB

where [5Bc|g, ¢ is the coefficient matrix of 5 order of Bézier curve. ”[5Bc]4, 4 ”

is obtained by the initial letters of "5t order Bézier curve” , and the coefficient
matrix of 5"degree Bézier curve is

-(0) (3) )G GG 06 G
ég éz g%) (2 ég 6)6) g§ o g

- go) g;) 12 (24)1 gz) gl 3) 0) 0 0
(0) (22 - §1) 51 2) (0) 0 0 0

-0 (6 o0 0
@ 0 0 0 0
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Inverse matrix [5Bc],of 5" order of Bézier curve is

[5Bd " =

0

_ o o oo

0

—ual= o O O

oS- o © O

0

—oles|ws|— ©

= Glpoteat bt = O

= e e

6X6

137

O

Theorem 2. The matriz representation of the first derivative of 5" order of a

Bézier curve with control points Py, Py, Ps,

-
/3
ao(t)=| 2
t
1

T

-9
20
-30
20

| —9

—4
6
—4
1

25
—80
90
—40
)

—4
12
—12
4
0

-50
120

-90
20

=2}

0

\
—_
[N}

o O >

50
—80
30
0
0

S OO

oo oo

., and Ps is
-25 5 ﬁo
20 0 .
Py
0 0
Ps
0 0
0 0 Py
Py
-5 5 0
0 -5 5
0 0
0 0 0
0 0

O O O
O O OO

o
|
(o3

Also as a 4" order Bézier curve, the matriz representation of the first derivative

of 5" order of a Bézier curve with control points Qo, Q1, ..., Q4 is
1 -4 6 -4 1 Qo
4 12 —12 4 Q,
dt)y=[¢ 2 2 t 1]] 6 -12 6 0 Qs |,
-4 4 0 0 Qs
1 0 0 0 Q4
where the control points, (5P —5Fy), (5Py —5P1), (5P3—5F), (5P, —5P;),

and (5Ps — 5Py), respectively.

Proof. We have already found that

dty=[t* £ 2 t 1][BBd
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where [5Bc]’ is the coefficient matrix of the first derivative of 5** order of a Bézier
curve defined by following

=

[5G G 5GE) GG -506) 6@ ]
105 —4DE) 406 G 4Q)6) 0
BB =] =30)(3) 30 -30)0) 3G 0 0 :
2003 200 200 0 0 0
L -06) D) 0 0 0 0
-5 25 —50 50 —-25 5
20 —80 120 —80 20 0
=| -3 90 -9 30 0 0|,
20 —40 20 0 0 0
| -5 5 0 0 0 0
and thus,
-5 25 —50 50 —25 5 1120
20 —80 120 —80 20 0 P1
dy=[t+ © 2t 1 -30 90 -9 30 0 0 P2 . (1)
20 —40 20 0 0 0 P3
-5 5 0 0 0 0 4
Py

Also the first derivative of 5*" order of a Bézier curve is a 4*" order Bézier curve.
Hence, the matrix representation of 4** order Bézier curve with control points

Q0> Q17 ERE) Q4 is

ot)y=[¢" 2 2 t 1]

1
—4
6
—4
1

—4
12

—12

4
0

6

—12

6
0
0

—4
4
0
0
0

OO OO

Qo
Q1
Q2 |,
Qs
Q4

(2)

where Qo = 5P1 — 5P0,Q1 = 5P2 — 5P1,Q2 = 5P3 — 5P2,Q3 = 5P4 — 5P3 and
Q4 = 5P5 — 5Py are the control points. From (1) and (2), we write

1 -4 6 —4
-4 12 =12 4
6 —-12 6 0
-4 4 0 0
1 0 0 0

OO OO

Qo
03}
Q2
Qs
Q4

-5
20
-30
20
-5

25
-80
90
—40

5

—50
120
-90
20
0

50
-80
30

0
0

—25
20
0
0
0

SO OO ut
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Since,
1 -4 6 -4 171" 000 0 1
-4 12 —-12 4 0 0 0 0 % 1
6 —-12 6 0 0 =10 0 % 2 1,
-4 4 0 0 0 o+ I 2
1 0 0 0 0 11 1 1 1
we have
Qo [0 0 0 0 1 -5 25 —50 50 -25 5 1120
Q: 0 0 0 % 1 20 —80 120 —80 20 0 Pl
Q2 |=1]0 0 % : 1 -30 90 -9 30 0 0 P2 ,
Qs 0o+ 1 21 20 —-40 20 0 0 0 P
Q4 11 1 1 1 -5 5 O 0 0 0 P4
-5 5 0 0 0 0 1120
0 -5 5 0 0 0 P1
=/ 0 0 -5 5 0 0 P2 ;
0 0 0 -5 5 0 P3
4
0 0 0 0 -55 P
[ 5P, — 5P,
5P, — 5P,
= | 5P3—5P, |,
5P; — 5P
| 5P — 5P,
or equivalently we may write
#7171 -4 6 —41]7[-5 5 0 0 0 0
t3 -4 12 -12 4 0 0 -5 5 0 0 0
o) = | 2 6 —-12 6 0 0 0 0 -5 5 0 0
¢ -4 4 0 0 0 0 0 0 -5 5 0
1 1 0 0 0 0 0 0 0 0 -5 5
O
Theorem 3. The matriz representation of the second derivative of 5" order of a
Bézier curve with control points Py, Py, Ps, ..., P5 is
P
#7177 =20 100 —200 200 —100 20 P
") = t2 60 —240 360 —240 60 0 P,
@ |t —60 180 —180 60 0 0 Pl
1 20 —40 20 0 0 0 Py

Ps
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3 -1 3 -3 1 20 —40
B 2 3 -6 3 0 0 20

t -3 3 0 0 0 0

1 1 0 0 O 0 0

-1 3 -3
a'(W)=[t £ t 1] 5’3 _36 g
1 0 0

where the control points Ry, R1,, ...,

R3 are given by

20Py — 40P, + 20P,
20P; — 40P, + 20P;
20P, — 40P; + 20P,
20P; — 40P, + 20Ps

20
—40
20
0

oo o+

0
20
—40
20

P

0 0 P,
0 0 Py
20 0 Py
—40 20 Py
Ps

Proof. We have already found o (t), therefore the coefficient matrix of the second
derivative of 5" order of a Bézier curve is

[ =540 () 540 () —54G)(E) 546)0)
. 436 430G 43G)E) —43()(G)
-32(0)() 32000 -320)() 320)0)
L 2006 20060 2606 0
[ —20 100 —200 200 —100 20
- 60 —240 360 —240 60 0
| —-60 180 —180 60 0 0
| 20 —40 20 0 0 0
By the definition of a cubic Bézier curve that
-1 3 -3 1
a'(ty=[# 2 t 1] _33 _36 g 8
1 0 0 O

=54 1) 54()6) ]

4.3(

D
0

0

) 0

0

0
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and by using the equality of these, we get

-1 3 -3 1 Ry —20 100
3 -6 3 0 Ry | | 60 —240
-3 3 0 0 Ry | | =60 180
1 0 0 0 R3 20  —40
Since inverse is
-1 3 -3 117" 0
3 -6 3 0 o
-3 3 0 0 |0
1 0 0 0 1
we have
Ry [0 0 0 1 —20 100 —200
Ri| [0 0 % 1 60 —240 360
Ry | |0 3 5 1 —60 180 —180
R |11 11 20  —40 20
[20 —40 20 0O 0 0
|0 20 —-40 20 0 0
10 0 20 —-40 20 0
| 0 0 0 20 —40 20
Here,

Ry = 20Py — 40P, + 20P;,
Ry = 20P, — 40P5 + 20P;,

—200
360
—180
20

—we o O
— wlnwi= O

200
—240
60
0

Py
P
P
Py
Py
Py

200
—240
60 0

60

0 0

—_ = = =

—100 20
60 0
0 0
0 0

Ry = 20P;, — 40P, + 20P;,
R3 = 20P; — 40P, + 20Ps

—100 20

are the control points. By combining the calculations above, we finally write

B1'r-1 3 -3 1
y 2 3 -6 3 0
a )=, 3 3 0 0
1 1 0 0 0

which completes the proof.

20
0
0
0

—40

20
0
0

20
—40
20
0

0 0

20 0
—40 20

20 —40

141

P
P
Py

Py
Ps
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Theorem 4. The matriz representation of the third derivative of a 5" order Bézier

curve with control points Py, Py, Ps, ..., Ps is
Py
Py
—60 300 —600 600 —300 60 P
a'”(t):[t2 t 1] 120 —480 720 —480 120 O P2 ,
—120 360 —360 120 0 0 3
Py
Ps
Po
2 T P1
t 1 =21 —120 360 —360 120 0 0 P
=1t -2 2 0 —60 120 0 —120 60 0 P2
1 1 0 O —60 180 —240 240 -—180 60 Pi
P

Also, since the third derivative of 5" order of a Bézier curve is a quadratic Bézier
curve, with control points So, S1, and Sz , &' (t) has the following representation
1 -2 1 So
o W)=[t t 1]] -2 2 0 S|,
1 0 O So
where
So = —60F + 180P; — 180P; + 60P5,
S1 = —60P; + 180P, — 180P3 + 60P;,
So = —60P, + 180P; — 180P; + 60P5.
Proof. We have already found that
B
Py
P
P |’
Py
Ps

o"t)=[t t 1][B"

where the coefficient matrix of the third derivative of 5t"order of a Bézier curve is

r 75.4.3(8)(2) 5.4.3(‘;’) (j) 75.4.3(2) (g) 5.4.3(2)@) 75.4.3(;”1) (}) 5.4.3(2) (8)
BB = | 15 020 120@) 0206 206 o
L —2(0)(E) 220G 200 220)0) 0 0

[ —60 300 —600 600 —300 60

=| 120 —480 720 —480 120 O
| —60 180 —180 60 0 0
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Hence
P
Py
—60 300 —600 600 —300 60 P
o(ty=[t t 1]| 120 —480 720 —480 120 0 P2
—60 180 —180 60 0 0 3
Py
Ps

Also Bézier curve is a quadratic curve with control points Sy, S1 and Ss, it has the
following form

1 -2 1 Sy
o O)=[* t 1]] -2 2 0 S
1 0 0 Sy
By using the equality of these, we get
Py
Py
1 -2 1 So —60 300 —600 600 —300 60 P
-2 2 0 Sy | = 120 —480 720 —480 120 O P2
1 0 0 So, —60 180 —180 60 0 0 3
Py
Py
Since again the inverse is
1 —2 177"t 00 1
-2 2 0 =0 5 1],
1 0 0 1 1 1
we have
Py
So 0 0 1 —60 300 —600 600 —300 60 ?
Si|=10 41 120 —480 720 —480 120 0 P? ,
S 11 1 —60 180 —180 60 0 0 3
Py
P
Py
—60 180 —180 60 0 0 ?
= 0 —60 180 —180 60 0 P2
0 0 —60 180 —180 60 3
Py

Py
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or correspondingly,

—180

2 1 -2 1 —60 180 —180
ot)y=| t -2 2 0 0 —60 180
1 1 0 0 0 0 —60

Theorem 5. The matriz representation of the fourth derivative of a

Bézier curve with control points Py, Py, Ps, ..., and Ps is

[t 1 ] [ —120 600 —1200 1200
120 —480 720 —480

1] [ —1 1 ][ 120P, — 480P; + 720P, — 480P; + 120P;
- 120P; — 480P, + 720P5 — 480P; + 120P;

10

—600 120

120

180

0

60
—180 60

|

P
P
P
Py
Py
P

5th

order

)

|

Also the fourth derivative of a 5" order Bézier curve is a linear Bézier curve, with
control points Ty, and Ty, and it has the following equation

(4) - -1 1 To
a(t)[tl][l OHTl ,
where
To = 120P; —480P; + 720P, — 480P5 + 120P;,
T, = 120P; —480P, + 720P; — 480P,; + 120P;

are the control points of the fourth derivative of a 5" order Bézier curve based on

the points Py, Py, Ps, ..., and Ps.

Proof. We have already found that

aW)y=[t 1][pBJW

P
Py
Py
P

Ps
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where the coefficient matrix of the fourth derivative of 5" order of a Bézier curve

i) —5.432(;)@) 5.432(2)@) —5.432(2)(}) 54.32(2)(3)

[5BC](4) _ [ —5‘4A3A2(g)(g) 54&2@)(
) ) ) ) @O o

—120 600 —1200 1200 —600 120
120 —480 720 —480 120 0

Hence
Py
Py
[t 1 ] [ —120 600 —1200 1200 -—600 120} P,
120 —480 720 —480 120 0 Ps
Py
P

And also as a linear Bézier curve it has the matrix form with control points T and

h I 117 T
o) = [ t 1][ : OHTJ.

By using the equality of these, we get

aW(t) =

B

Py
—120 600 —1200 1200 —600 120 Py -1 1 To
120 —480 720 —480 120 0] [ H ]

Since the inverse matrix is

we get
P
P
To | [0 1 —120 600 —1200 1200 —600 120 P
[Tl}_[l 1}[ 120 —480 720 —480 120 0 ] Ps
Py
Ps

5th

Therefore, the control points of the fourth derivative of a 5**order Bézier curve

based on the points Py, Pi, Ps, ..., and P5 are given by

To = 120P, — 480P; + T20P, — 480P; + 120P,,
Ty = 120P; — 480P, + 720P; — 480P; + 120Ps,
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and accordingly the matrix represented form of the curve is

= 10 || 120P, — 480P, + 720P5 — 480P, + 120P; |

O

Theorem 6. The matriz representation of the fifth derivative of a 5*" order Bézier

curve with control points Py, Py, Ps, ..., and Ps is

a® (t) = 600P; — 120P) — 1200P, + 1200P5 — 600P; + 120Ps.

Proof. Tt is clear that

P
Py
Py
P |’
Py
Ps

a®(t) = [5Bd"Y

where [5B¢]® = [ =120 600 —1200 1200 —600 120 . O

Now, we may consider an example of a curve given by its parametric form. Our
first attempt is to find its control points with the help of matrix representation.
Second we examine its derivatives and their control points. Finally, we represent
each control point of every derivatives by the control points of initial curve, and
draw their correspondence figures by using a free-ware program Geogebra v5.

Example 1. Let us consider the 5th order Bézier curve parameterized as

a(t) = (74t° — 210" + 180> — 50¢* + 5¢ + 1,
— 79t° + 185t* — 130t + 10t% + 10t + 1,
— 63> + 95t* — 30t — 5t + 2).

To find the control points, we first write it as in the matriz product form by follow-
mg:

74 -79 —63
—210 185 95
180 —-130 -30
—50 10 0

5 10 -5

1 1 2

at)y=[t° t+ ¢ & t 1]
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Hence

74
—210
180
—50

_o0 O O OO
—a O O O O

Py
P
Py
Py
Py
Py

—-79 —63 -1 5 —=10 10 -5 1 Py
185 95 5 —20 30 —-20 5 0 P
-130 =30 | | -10 30 -30 10 0 O Py
10 0 10 —-20 10 0 0 0 Py |
10 -5 -5 5 0 0 0 0 Py
1 2 1 0 0 0 0 0 P
0 0 0 1 74 =79 —63 P,
0 0o L1 —210 185 95 P
0 @ % 1 180 —130 =30 | _ | P
é o5 1 —50 10 0 - Pl
2 2 2 5 10 -5 Py
1 1 1 1 1 1 2 P

1 1 2

2 3 1
-2 6 0
7 =3 —4 |’

5 0 5

0 -3 -1

where 1 is a siz by six identity matrix.

Inversely, we find the parametric form of a 5th order Bézier curve, «(t) with
control points Py = (1,1,2), P, = (2,3,1), Py = (=2,6,0), Py = (7,-3,—4),
Py, =(5,0,5), Ps = (0,—3,—1) as follows:

T

-1
)
—10
10
-5
1

5 —-10 10 =5 1 1 1 2
-20 30 =20 5 O 2 3 1

30 =30 10 0 O -2 6 0
-20 10 0 0 0 T =3 —4 |’

) 0 0 0 0 5 0 5

0 0 0 0 O 0 -3 -1

= (74> — 210t* + 180¢> — 50t + 5t + 1, —79¢> + 185¢t* — 130¢> + 10¢* + 10t + 1,
— 63t” + 95t — 30> — 5t + 2).

Let us find the control points of the first derivative o’(t)

o (t) = (370t" — 840> + 540> — 100t + 5, —395¢" + 740t> — 390¢> + 20¢ + 10,
— 315t* + 380> — 90t* — 5).
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FIGURE 1. 5" order Bézier curve with control points P; (j =
0,....5)

First we need to write its matrix product form as:

370 —395 —315
—840 740 380
o(t)y=[t* 2 ¢ ¢t 1 ]| 540 =390 —90
—-100 20 0

5 10 -5
Next, by equating the terms we have
4777 30 —395 —315] [#]7[ 1 -4 6 -4 1
t3 —840 740 380 t3 -4 12 -12 0
12 540 =390 —90 | = | t? 6 —-12 6 0
t —100 20 0 t -4 4 0 0
1 5 10 -5 1 1 0 0 0

-840 740 380 -4 12 -12 Q1
Q2

Q4

540 -390 -90 | = 6 —-12 6
—100 20 0 -4 4 0
5 10 -5 1 0 0

4
0
0
0
370 —395 —315 ] [ 1 -4 6 -4 [Qo
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)
-20
45
—10
—25

—20
45
-10
—25

Qo

Q1

= | Q2
Qs

| Q4

Qo

Q1

Q2

Qs

| Q4

10 -5
15 =5
—45 —20
15 45
—-15 =30
10 -5
15 =5
—45 =20
15 45
—-15 =30

5 10
—20 15
45 —45
—10 15
-25 -15

-5
-5
-20

45

-30

)

O OO O

O O OO

Py
P
P,
Py

Ps

Py
P
P
Py
Py
Ps

FIGURE 2. 1%t derivative of a 5" order Bézier curve with control
points Q; (j =0, ...,4)
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By following same steps given above, we may find the control points of the second

and third derivative of the curve a(t) and draw them as in Fig. 3 and Fig. 4.

o' (t) = (1080t — 2520t* + 1480¢> — 100, —780¢t + 2220t> — 1580¢> + 20
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—180¢ + 1140t — 1260t°) ,
o (t) = (—5040t + 4440t> + 1080, 4440t — 4740¢> — 780, 2280t — 3780t> — 180) .

FIGURE 3. 2" derivative of a 5! order Bézier curve with control
points R; (j =0,...,3)

2]

s,

FIGURE 4. 3" derivative of a 5" order Bézier curve with control
points S; (j =0,...,2)

The fourth derivative of the curve, a(t) is simply draws a line while the fifth
derivative is a single point:

oW (t) = (8880t — 5040, —9480t 4 4440, — 7560t + 2280) ,
a®)(t) = (8880, —9480, —7560) .
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4. CONCLUSION

We can write the parametric form of 5* order Bézier curve using a simple matrix
product. Further, we can find the control points using a simple matrix product,
inversely. Also the second derivative of a 5t order Bézier curve with the con-
trol points P;, (i = 0, ...,4) can be considered another 4" order Bézier curve having
(54 1)—2 = 4 control points as R; = n(n—1) (P; —2Pj41 + Pj42),j =0, ...,3.The
third derivative of a 5! order Bézier curve with the control points P;, (i = 0, ..., 5)
can be considered another cubic Bézier curve having (5 + 1) — 3 = 3 control points
as Sj = n(n — 1)(77, — 2)(7PJ + 3Pj+1 — 3Pj+2 =+ Pj+3), ] = O, ceey 2The thlI‘d deriv—
ative of an 5t order Bézier curve with the control points P;, (i = 0,...,5), can be
considered a quadratic Bézier curve having (54 1) —3 =5 — 2 = 3 control points
as Nj = TL(TL — 1)(7’L — 2) (7Pj —+ 3Pj+1 — 3Pj+2 —+ Pj+3), j = O, ,2
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