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ABSTRACT

In this study, Wilks’ A (W), Hotelling-Lawley Trace (H) and
Pillai’s Trace (P) tests which are used in testing of statistically
significance for canonical correlation coefficients were
compared in terms of actual type I error rate. As a result of
10000 simulation experiments conducted, when samples were
taken from multivariate distributions which are normal and
deviate slightly or moderately from normality, the W test was
conservative in terms of protecting actual type I error rate in
all cases. However, when there is excessively deviate from
normality, actual type I error rates for the W test exceeded
the upper limit of Bradley’s criterion (4.50-5.50%) almost in
all cases. On the other hand, the H test and P test generally
obtained actual type I error rates which were outside Bradley
limits.

Keyword: Wilks’ A, Hotelling-Lawley Trace, Pillai’s Trace,

type I error rate, Monte Carlo simulation

OZET
Bu caligmada, kanonik korelasyon katsayilarinin istatistiksel
olarak 6nemlilik testinde kullanilan Wilks’ A (W), Hotelling-
Lawley Trace (H) ve Pillai’s Trace (P) testleri gercek tip [ hata

orani agisindan karsilastirilmistir. Yapilan 10000 simiilasyon
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deneyi sonucunda, normal olan ve normallikten hafif
veya orta derecede sapan ¢ok degiskenli dagilimlardan
ornekler alindiginda, W testi gercek tip [ hata oranini tiim
durumlarda koruma agisindan muhafazakar olmustur.
Ancak normallikten asirt derecede sapma oldugunda,
W testi igin gergek tip I hata oranlari hemen hemen
tiim durumlarda Bradley kriterinin iist sinirin1 (%4,50-
5,50) asmustir. H testi ve P testi ise genel olarak Bradley
smirlarinin diginda kalan gergek tip I hata oranlan elde
etmistir.

Anahtar Kelimeler: Wilks’ A, Hotelling-Lawley Trace,
Pillai’s Trace, 1. tip hata orani, Monte Carlo simiilasyonu

INTRODUCTION

Canonical correlation analysis is a statistical technique
used to examine the linear relationship between two
multivariate datasets (Hotelling, 1936; Carroll, 1968;
Anderson, 1984; Yanai & Takane, 1992; Ferreira &
Purcell, 2009; Andrew et al., 2013). Canonical correlation
analysis derives linear combinations between two sets
of variables to maximize the correlation coefficient
between them (Hotelling, 1951; Gauch & Wentworth,
1976; Baggaley, 1981; Anderson, 1999).

Um = alel + am2X2 + ...+ amep (1)

Vm = lel + bm2Y2 + ...+ bmqu (2)

U and V arelinearcombinations of X and Y, respectively
in Equation (1) and (2). Those linear combinations are
known as new variables or canonical variates (Takane
et al., 2006; Tang & Ferreira, 2012). The correlations
between corresponding pairs of canonical variates are
called canonical correlations, C (Kerlinger & Pedhazur,
1973; Thompson, 1984; Meloun & Militky, 2011).
Canonical correlation aims to estimate @, jysenstly ) and
b s by blp such that C is maximum (Stewart & Love,
1968; Sharma, 1996; Van De Velden & Bijmolt, 2006).
The first step in evaluating canonical correlations is to
determine whether they are statistically significant or
not. The null (H) and alternative (H ) hypotheses for

assessing the statistical significance of the canonical
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correlations are:

Hy: C,;=0,¥, € {1,...,p}.p<gq
H,: 3:C #0,ie€ {1,...,p},p<gq

The null hypothesis (#,), which states all the canonical
correlations are equal to zero, implies that the correlation
among X and Y variables is equal to zero. Rejection of
the null hypothesis, that is acceptance of the alternative
hypothesis (#), means that at least the first canonical
correlation coefficient is statistically significant or is not
equal to zero (Sharma, 1996). Several test statistics were
developed for testing these hypotheses (Knapp, 1978).
However, in this study, Wilks’ A (W), Hotelling-Lawley
Trace (H) and Pillai’s Trace (P) tests which are the most
popular in practice were considered.

The main purpose of this study is to determine the
performances of Wilks® A (W), Hotelling-Lawley
Trace (H) and Pillai’s Trace (P) tests under different
experimental conditions such as sample size, number of

variables, distribution shape and correlation structures.

MATERIAL AND METHODS

In this study, random numbers generated by the Monte
Carlo simulation technique were used (Waller, 2016).
Random numbers were generated using the montel
function of the fungible package in the R (R Core Team,
2019). Themonte function simulates multivariate normal
and non-normal data using methods that are developed
by Fleishman (1978) and Vale and Maurelli (1983). All
experimental situations which were considered in this
study are given in Table 1. Type I error rate was used
to compare Wilks” A (W), Hotelling-Lawley Trace (H)
and Pillai’s Trace (P) tests in terms of performances. A
nominal significance level (@) was determined as 5.00%
for all experimental cases. Bradley (1978) has reported
that the actual type I error rate of a robust test should
be between 4.50% and 5.50% when testing at the 5.00%
level. In this work, Bradley’s conservative criterion was

taken into account as a measure of robustness
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Table 1. All experimental conditions considered in the study

The correlations of the population (p,, and p.,)

Py =0.3, p,,=0.3; p..=0.5, p,,=0.5, p..=0.7, p,,
=0.7, p=0.3, p,,=0.5

Multivariate distribution shapes

N(0,1), t(10), t(5), p(5,10), B(10,5) and x>(3)

Number of variables for each dataset (p=q)

2,4,6,8,10 and 20

n/(p+q)

2,5,10 and 20

In order to compare the mentioned tests in terms of their
performances, the following steps were followed:

1- The correlations of the population (p,, and p, )
for both X and Y datasets were determined.

2- n/(ptq) random numbers were generated for
each dataset from multivariate distributions that
have correlations specified.

3-  H hypothesis was tested for all the test statistics.

4- The previous three steps were repeated 10000
times for each experimental condition.

5- Number of H rejected were determined for each
test.

6- Actual type I error rate was calculated by
dividing the number of H rejected by the

number of simulations.

Statistical Significance Tests for the Canonical
Correlations

In this section, statistical tests used to evaluate the
statistical significance of the null (/) and alternative

(H ) hypotheses are introduced.

Wilks’ A Test Statistic
The statistic was developed by Wilks (1932).

P
A=]Ja-ch 3
i=1

Fy =

1 —Alf lwz—(pqm)ﬂl
Al Pq
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F,, is approximately F distributed, where
w=N-(p+q+3)2 1 =1/(p?a* = 4)/ (P> + 4> =)
The degrees of freedom are pq and wt - (pg/2) + 1.

The distribution is exact if min(p,q)<2 (Rao, 1973).

Hotelling-Lawley Test Statistic
The test statistic was improved by Lawley (1938) and
Hotelling (1951).

L 2
Ty = Z:,( 1 flcjz) (5

‘When n>0,

Ty \ 4+ (pg+2)I(b-1)
Fy, = - pg

(6)

F,, s approximately F distributed with pg and

4+(pq+2)/(b-1) degrees of freedom, where b = (p+2n)
(q2n)2Q2n+1)(n-1),c=[2+ (pg+2)/ (b-1)]/2n,
s = min(p,q), m = (| p-q ‘—1)/2 and n = (N-g-p-2)/2

(Pillai, 1955).
When n<0,

T,
Fyp = ( HL)
c

F,, 1s approximately F distributed with s(2m+s+1) and

4+ (pg+2)/(b-1)
pPq

(7)

2(sn+1) degrees of freedom.

Pillai’s Trace Test Statistic
This statistic was defined by Pillai (1955).
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, RESULTS
Tp = z:‘ Cc? (8)  Table 2 shows the actual type I error rates when p =
= Py, = 0.3 which is weak correlations of population.
F = Mm+s+1 T, V\./he.n saTmples v?/ere drawn ,from' a Tnultlvanate n?mal
dm+s+1 s —Tp (9)  distribution, while Bradley’s criterion was met in all

conditions for the W test, it could not have been met in
F is approximately F distributed with s(2m+s+1) and more than half of all experimental conditions for the H
s(2n+s+1) degrees of freedom. and P tests. Similar results were obtained when samples
were drawn from multivariate t(10), f(5,10) and B(10,5)
distributions which deviate slightly or moderately from

normality. When samples were taken from multivariate

Table 2. Actual type I error rates when p  =p, = 0.3

N(O,1) t(10) t(5) B(5,10) B(10,5) 73
p=q |n/ptq) | W | H | P | W | H|P|W]|H p|w/|H|P|W|H|P|W|H P
2 489 | 572 | 225 | 5.03 | 5.69 | 212 | 525 | 613 | 215 | 482 | 5.63 | 235 | 525 | 6.01 | 236 | 5.64 | 6.49 | 2.48
5 527 | 597 | 441 | 530 | 5.76 | 455 | 6.23 | 6.80 | 542 | 5.14 | 6.05 | 459 | 5.08 | 5.70 | 420 | 5.47 | 6.14 | 4.54
? 10 | 518|549 | 474 | 490 | 524 | 4.64 | 581 | 6.06 | 548 | 477 | 5.09 | 4.46 | 4.93 | 5.19 | 4.60 | 557 | 5.85 | 5.15
20 | 504|520 (488 |525|535]505|577| 596 | 559 | 474 | 485 | 4.46 | 495 | 5.89 | 5.50 | 5.65 | 5.82 | 5.50
2 534 | 822 | 240 | 529 | 7.95 | 2.65 | 5.70 | 8.70 | 2.86 | 5.16 | 7.97 | 2.45 | 4.97 | 7.66 | 2.23 | 6.26 | 9.24 | 2.82
5 4.60 | 5.64 | 3.68 | 5.07 | 6.09 | 3.93 | 587 | 6.99 | 458 | 525 | 6.42 | 4.13 | 520 | 6.03 | 410 | 6.19 | 7.44 | 5.00
! 10 | 518 | 572|468 | 470 | 520 | 420 | 6.06 | 6.50 | 549 | 4.96 | 5.34 | 4.44 | 523 | 559 | 472 | 552 | 612 | 4.99
20 | 498 [5.16 479 | 517 | 539 | 494 | 572 | 599 | 550 | 497 | 5.16 | 485 | 5.18 | 544 | 497 | 548 | 5.61 | 520
2 505 | 826 | 226 | 5.10 | 8.52 | 2.58 | 6.05 | 9.77 | 2.88 | 495 | 8.88 | 2.57 | 5.32 | 8.57 | 2.61 | 6.12 | 10.27 | 3.10
5 488 | 6.08 | 3.88 | 476 | 5.84 | 3.87 | 621 | 7.58 | 4.96 | 493 | 612 | 3.93 | 463 | 559 | 3.87 | 6.38 | 7.89 | 5.06
° 10 | 496 | 550 | 4.46 | 479 | 5.31 | 4.24 | 584 | 6.30 | 5.19 | 4.99 | 5.35 | 4.47 | 4.90 | 550 | 4.43 | 522 | 5.82 | 4.68
20 | 498 | 520 | 4.76 | 476 | 4.98 | 452 | 5.92 | 6.23 | 556 | 4.78 | 4.95 | 4.60 | 5.06 | 5.15 | 4.82 | 539 | 5.62 | 5.19
2 493 | 887 | 2.62 | 525|897 | 279 | 573 | 9.83 | 2.91 | 5.11 | 8.83 | 2.54 | 5.46 | 9.14 | 270 | 6.69 | 11.13 | 3.33
5 526 | 6.57 | 4.25 | 4.96 | 595 | 3.94 | 630 | 7.51 | 5.14 | 540 | 6.51 | 449 | 4.85 | 5.92 | 3.90 | 634 | 7.96 | 5.01
’ 10 | 524 | 595|476 | 522|583 | 473|569 | 640 | 5.12 | 481 | 5.34 | 4.35 | 4.94 | 546 | 4.49 | 582 | 639 | 5.25
20 | 513|541 | 489 | 543 | 5.66 | 530 | 520 | 542 | 491 | 473 | 499 | 4.50 | 470 | 5.14 | 4.41 | 5.74 | 597 | 555
2 487 | 8.60 | 2.56 | 5.19 | 9.46 | 2.59 | 6.18 | 10.58 | 3.42 | 493 | 8.61 | 2.62 | 491 | 8.98 | 2.71 | 7.20 | 11.84 | 3.93
5 503 | 629 | 3.95 | 5.19 | 631 | 430 | 571 | 696 | 4.60 | 4.99 | 6.48 | 3.95 | 5.23 | 6.16 | 421 | 6.02 | 7.32 | 4.89
10 10 | 493|543 | 454 | 522 | 577 | 484 | 565 | 6.21 | 5.06 | 5.10 | 5.75 | 470 | 5.15 | 5.76 | 4.62 | 5.93 | 6.49 | 5.38
20 | 461 | 480 | 4.41 | 4.68 | 4.84 | 447 | 539 | 5.67 | 5.14 | 5.13 | 540 | 485 | 4.77 | 5.02 | 452 | 520 | 545 | 4.88
2 491 | 925 | 2.66 | 5.23 | 9.42 | 2.89 | 5.95 | 10.30 | 3.40 | 5.01 | 9.28 | 2.66 | 4.73 | 8.76 | 2.68 | 7.75 | 13.50 | 4.48
5 5.15 | 6.95 | 4.67 | 492 | 587 | 3.96 | 530 | 6.64 | 427 | 5.18 | 6.07 | 422 | 538 | 6.53 | 450 | 6.63 | 8.07 | 5.48
20 10 | 498 | 551 | 4.47 | 5.06 | 5.54 | 4.64 | 5.60 | 598 | 494 | 527 | 5.84 | 4.68 | 5.02 | 552 | 450 | 6.22 | 6.79 | 5.61
20 |537 563523533548 | 521|537 | 569 | 5.15 | 486 | 5.11 | 4.65 | 5.05 | 526 | 476 | 5.39 | 5.64 | 5.12
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t(5), which is a symmetric and heavy-tailed, and
multivariate x> (3), which is extremely skewed and
heavy-tailed, actual type I error rates for W and H tests
were not between 4.5% and 5.5% reported by Bradley in
almost all cases. However, under the same conditions,
actual type I error rates for the P test fallen into between

4.5% and 5.5% in most cases.

Table 3 shows the actual type I error rates when p, =

M
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P,y = 0.5 which is moderate correlations of population.
When samples were drawn from multivariate N(0,1),
t(10), B(5,10) and B(10,5) distributions, regardless of the
experimental conditions, actual type I error rates for the
W test met Bradley’s conservative criterion. However,
when samples were drawn from multivariate t(5) and
x*(3), actual type I error rates for the W test did not meet
Bradley’s criterion in also all cases. Actual type I error

rates for the H test were generally outside Bradley limits.

Table 3. Actual type I error rates when p, = p, = 0.5

N(0,1) 1(10) t(5) B(5,10) B(10,5) 72 3)
p=q |nptq) | W | H | P | W | H| P |W]| H P|W /| H|P|W|H|P|W H P
2 522| 583 | 2.24| 5.11| 5.71| 2.04| 536| 6.11| 228 | 507 | 572 | 2.35| 492 | 553 | 1.90 | 542 | 622 2.22
5 481 | 554 | 427| 488 | 542 4.09| 585| 6.48| 492| 516 | 5.69| 431 | 500 | 543 | 423 | 5.63| 6.13 | 4.72
? 10 513 | 544 | 476 | 495| 527 | 457| 6.25| 6.66| 5.75| 4.85| 5.13 | 448 | 485| 5.16 | 4.49 | 5.65| 6.03| 532
20 481 | 495 | 472| 495| 503 | 472| 525| 541 5.14| 490 | 5.01 | 467 | 492| 511 | 478 | 498 | 5.16 | 4.89
2 478 | 7.40 | 225| 550 | 8.17| 2.48 | 5.83 | 8.64 | 2.86 | 4.94 | 7.60 | 231 | 470 | 7.08 | 239 | 6.45| 9.56 | 2.90
5 515| 625 | 4.1 | 531 | 6.25| 427 | 592 | 7.06 | 473 | 477 | 5.67 | 3.80 | 490 | 5.70 | 3.85 | 6.33 | 7.44 | 4.94
! 10 543 | 5.93 | 486 | 5.18 | 559 | 479 | 6.01 | 6.56 | 548 | 501 | 5.40 | 454 | 496 | 543 | 4.48 | 5.81 | 6.43| 5.12
20 497 | 528 | 474 | 520| 535| 499 | 6.07| 627|579 | 489 | 5.17| 464 | 471 | 490 | 451 | 6.16 | 6.36 | 5.96
2 497 | 859 | 242| 499 | 8.26| 2.28 | 5.65| 9.69 | 2.95| 5.06 | 8.07 | 2.55| 5.08 | 8.28 | 2.38 | 6.81 | 10.80 | 3.20
5 510 | 643 | 430 | 508 | 6.14 | 421| 626 | 7.71 | 508 | 492 | 6.08 | 3.85| 520 | 6.09 | 4.09 | 6.45| 7.96 | 5.15
° 10 511 | 573 | 4.64| 5.15| 555 | 464 | 588 | 6.43| 525| 500 | 542 | 450 | 534 | 578 | 478 | 5.75 | 6.42| 527
20 489 | 511 | 462| 499 | 529 | 474 | 5.66 | 585| 547 | 517 | 536| 499 | 504 | 529 | 492 | 556 | 5.80 | 5.9
2 515| 848 | 2.79 | 5.42| 9.16 | 2.70 | 6.18 | 10.30 | 2.88 | 524 | 9.15 | 2.69 | 4.80 | 8.69 | 2.63 | 7.41 | 12.33 | 4.02
5 497 | 6.08 | 3.97| 525| 5.64 | 3.67| 636| 7.92| 521 | 482 | 5.95| 3.98 | 503 | 6.00 | 3.98| 6.94 | 8.54 | 5.53
" 10 517|556 | 464 | 5.12| 5.64 | 471 | 6.04 | 6.73 | 548 | 495| 5.62 | 459 | 502 | 550 | 4.48 | 634 | 7.04 | 5.76
20 474 ] 502 | 445| 494 | 521 | 472 | 5.65| 599 | 537 | 493 | 521 | 465 | 477 | 511 | 454 | 573 | 597 | 549
2 478 | 851 | 236 | 5.10 | 8.91| 247 | 6.27 | 10.74 | 3.16 | 497 | 8.90 | 2.68 | 5.01 | 8.65 | 2.81 | 7.03 | 12.17 | 3.67
5 531 | 6.61 | 431 | 5.11| 626 | 4.17| 619 | 7.93 | 485| 520 | 6.73 | 4.49 | 503 | 591 | 4.19 | 7.08 | 8.70 | 5.76
0 10 498 | 552 | 449 | 514 | 551 | 467 | 6.46 | 7.09| 580 | 536 | 5.82 | 490 | 479 | 524 | 432 | 6.28| 6.83 | 5.68
20 461 | 481 | 434 | 476 | 497 | 458 | 574 | 6.16 | 553 | 510 | 535| 481 | 486 | 507 | 458 | 6.03 | 6.34 | 5.71
2 488 | 8.87| 279| 491 | 845| 2.68| 6.72 | 11.43 | 3.76 | 535| 9.32| 3.06 | 522 | 9.41| 2.74 | 9.78 | 16.01 | 535
5 517| 6.25| 4.28 | 506 | 6.27| 3.94| 6.72| 837| 546 | 4.83| 6.03 | 3.99 | 482 | 5.87 | 3.94 | 8.39 | 10.28 | 6.81
2 10 451|506 | 421| 504 | 548 | 464 | 649 | 7.17| 584 | 474 | 525| 436| 527 | 572 | 488 | 7.01| 7.74 | 6.52
20 471 508 | 453 | 496 | 5.17| 466 | 636| 6.60| 597 | 499 | 5.17| 476 | 483 | 504 | 4.60 | 588 | 6.25| 5.61
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This situation became much clearer when skewness and  the increase of p, andp,, .
kurtosis of the distributions increased. Although P test

was very successful compared to W and H tests in terms ~ Table 4 shows the actual type I error rates when p, . =p,,

of protecting actual type I error rates between 4.5% and = (0.7 which is strong correlations of population. Unless
5.5% when skewness and kurtosis of the distributions samples were taken from multivariate t(5) and y*(3) ,

(t(5) and x*(3)) increased, it was negatively affected by  actual type I error rates for the W test satisfied Bradley’s

Table 4. Actual type I error rates when p  =p, =0.7

N(0,1) t(10) t(5) B(5,10) B(10,5) 2 (3)
p=q |nptq) | W | H | P | W | H|P|W]| H P|wW|H|P|W|H|TP w H P
2 515 5.98 | 2.01 | 507 | 5.86 | 242 | 520 | 584 | 1.93 | 493 | 574 | 2.14 | 5.14 | 5.89 | 226 | 6.03 | 6.52 | 2.49
5 512|575 | 431 | 491 | 550 | 4.02| 6.01 | 6.48 | 484 | 499 | 552 | 428 | 461 | 520 | 3.91| 584 | 6.51 | 4.84
2
10 | 491|523 | 464| 521|580 515| 5.65| 596 533 | 482 | 508 | 452| 507 | 546 | 464 | 549 | 570 520
20 524 | 539|512 502 | 525| 482 534 | 542 514| 495| 504 | 4838 | 508 | 5.22| 487 | 546| 5.62 | 530
2 463 ] 720| 213 | 485 | 733 | 2.24 | 573 | 834 | 2.69 | 489 | 7.64 | 230 | 472 | 7.26 | 2.20 | 6.73 | 9.82 | 3.09
5 511 620 | 420 | 502 | 6.14 | 3.95| 597 | 7.14 | 473 | 476 | 5.64 | 3.79 | 450 | 5.63 | 3.51 | 6.52| 7.79 | 525
4
10 | 470 | 521 | 435| 495 | 541 | 439 6.09 | 6.71 | 549 | 483 | 527 | 425| 459 | 5.16 | 4.09 | 6.09 | 6.57 | 549
20 517 | 545|491 | 499 | 518 | 473 | 5.73 | 6.02 | 544 | 507 | 521 | 487 | 521 | 534| 502 | 6.04| 6.34 | 5.74
2 469 | 8.05| 2.42 | 493 | 821 | 2.54 | 596 | 9.76 | 3.12 | 485 | 7.66 | 2.39 | 5.12 | 822 | 2.48 | 7.10 | 11.43 | 3.73
5 525|634 | 4.03| 5.11| 6.74 | 447 | 6.72| 7.90 | 528 | 533 | 6.44 | 426 | 474 | 5.82 | 3.67 | 7.52| 9.07 | 5.83
‘ 10 504 | 553 | 450 | 4.68 | 530 | 4.24 | 6.55| 7.23 | 5.85 | 475 | 529 | 4.46 | 490 | 537 | 446 | 623 | 6.86 | 5.62
20 | 491 | 528| 477|521 | 548|493 6.04| 624 |575| 5.11 | 541 | 482|493 | 522| 460 | 555| 582|537
2 484 | 8.64 | 257 | 535 | 888 | 2.72 | 6.36 | 11.15 | 3.45 | 530 | 9.35 | 2.83 | 5.00 | 8.41 | 2.62 | 8.80 | 13.83 | 4.17
5 4.93 | 6.06 | 3.86 | 536 | 6.46 | 4.40 | 639 | 7.83 | 5.15| 507 | 6.29 | 3.97 | 486 | 6.04 | 3.81 | 7.34 | 8.96 | 5.84
8
10 | 486|546 | 435|519 | 587 | 467 | 6.64 | 7.38| 599 | 491 | 539 | 444 | 471 | 518 | 4.16 | 6.65 | 7.24 | 5.99
20 | 483 (512|460 503|534 | 478 | 633 | 6.63| 6.05| 474 | 504 | 452 | 490 | 5.17 | 464 | 636 | 6.72 | 6.06
2 475|945 | 2.82 | 5.00 | 9.04 | 2.57 | 6.67 | 11.58 | 3.72 | 5.11 | 9.24 | 2.53 | 453 | 8.97 | 2.33 | 8.72 | 14.03 | 4.70
5 491 | 6.06 | 4.00 | 527 | 6.56 | 4.28 | 6.94 | 8.48 | 5.66 | 524 | 6.67 | 4.63 | 5.24 | 639 | 441 | 727 | 9.01 | 5.86
10
10 | 477|524 | 438 | 495|542 | 449 | 696 | 7.67 | 6.49 | 473 | 523 | 437 | 492 | 536 | 452 | 730 | 8.06 | 6.65
20 503|526 | 481 | 480 | 5.05 | 460 | 6.18 | 6.48 | 5.88| 5.08 | 530 | 4.86 | 535 | 5.83| 526 | 6.08| 6.47| 5.68
2 4771 9.06 | 273 | 5.13 | 9.58 | 2.56 | 7.90 | 13.68 | 4.41 | 520 | 9.34 | 2.84 | 523 | 9.04 | 3.03 | 12.52 | 20.53 | 6.82
5 521 | 631 | 437| 5.16 | 634 | 4.05| 8.02| 976 | 6.45 | 477 | 596 | 3.81 | 533 | 6.23 | 438 | 9.88 | 11.92 | 7.94
? 10 | 488|543 | 452 460 | 5.12| 412 | 730 | 8.14 | 6.60 | 547 | 6.05 | 493 | 502 | 545| 454 | 7.99| 8.76| 7.24
20 | 461|479 | 434 | 516 | 539 | 493 | 634 | 6.74| 6.06 | 477 | 506 | 455 | 526 | 551 | 5.02| 6.75| 7.02 | 6.46
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conservative criterion in all cases. The H test and P test
generally obtained actual type I error rates which were
outside Bradley limits. When samples were drawn from
multivariate t(5) and x? (3) distributions, the P test was
more successful compared to the other tests. However,
this success became negligible when p  =p, =0.7.

Table 5 shows the actual type I error rates when p, = 0.3

and p,, = 0.5. While actual type I error rates for the W
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taken from multivariate N(0,1), t(10), $(5,10) and B(10,5)
in all cases, actual type I error rates for the H and P tests
were not generally between Bradley’s limits. While the
P test was generally between 4.5% and 5.5% when the
shape of distributions changed (t(5) and ¥*(3)), W and H
tests were generally not between 4.5% and 5.5%. Results
obtained under these conditions were similar to those p,

=p,, =03.

test were between Bradley’s limits when samples were

Table 5. Actual type I error rates when p, =0.3 and p,, = 0.5
N(O,1) 1(10) t(5) B(5,10) B(10,5) 23

p=q |[np+tq) | W | H | P | W | H | P | W /| H P|W | H|P|W/|H|P|W| H]|TP
2 481 | 552 | 213 | 524 | 598| 227 | 573 | 639 | 2.13 | 479 | 544 | 2.09 | 5.15| 6.00 | 1.98 | 5.68 | 6.45| 2.28
5 524|572 | 434 516 | 571 | 421 | 6.07 | 6.71| 5.11| 498 | 5.64 | 4.24 | 506 | 5.74 | 424 | 558 | 6.22 | 4.67
’ 10 | 502] 533|472 528 5.64| 4.84| 559 | 598 5.18| 5.03 | 534 | 457 | 498 | 522| 4.61| 501 | 537|479
20 | 493|497 | 477 543 | 554 | 525| 554 | 5.65| 539 | 530| 537 | 520 532| 545| 517 | 541 557 527
2 520| 7.98 | 2.58 | 5.10 | 7.48 | 2.37 | 5.66 | 8.76| 2.59 | 5.17 | 7.95| 2.66 | 5.16 | 7.59 | 2.40 | 6.22 | 8.95| 2.96
5 496 | 610 | 421 | 4.66| 579 | 3.79 | 581 | 6.92 | 4.68 | 5.19| 6.13 | 4.14 | 491 | 571 | 4.07 | 632 7.47| 4.84
) 10 | 492 538 | 4.42 | 481 | 533 | 4.32| 596 | 649 | 5.16| 4.57| 5.19| 420 | 494 | 539 | 4.48| 557 | 6.08 | 5.00
20 | 493 | 5.15| 4.66| 4.88| 5.08| 4.60 | 570 | 5.97| 550 | 4.81 | 4.95| 4.58 | 544 | 5.75| 518 | 5.08 | 536 | 4.78
2 525| 894 | 2.50 | 5.04 | 845 2.51| 568 | 9.45| 2.81| 498 | 851 | 2.68| 5.13 | 825 259 | 6.19| 10.50 | 3.11
5 471| 588 | 3.60 | 528 | 6.51| 4.10 | 637 | 7.59| 5.17| 5.03 | 6.06 | 4.10 | 535| 6.19 | 434 | 6.58 | 8.00 | 5.06
’ 10 | 5.16| 5.62| 472| 498 | 548 | 458 5.69 | 6.54 | 496 | 479 | 528 | 4.32| 528 | 595| 490 | 6.22| 6.92| 5.61
20 | 473] 5.02| 450 5.07| 534| 474 | 5.69 | 6.04| 547 | 492 516| 478 | 481 | 5.05| 459 | 570 | 5.89 | 5.38
2 508 | 8.72| 2.61| 4.80 | 8.68 | 248 | 6.15| 1031 | 3.30 | 517 | 8.75| 2.50 | 530 | 873 | 2.72 | 6.72| 11.29 | 3.58
5 518 6.35| 4.16 | 5.19 | 6.25| 4.04| 6.17 | 7.62| 507 | 518 | 6.38| 4.11| 501 | 6.06 | 3.99 | 6.66 | 8.45| 537
' 10 | 493 | 545| 444 495| 559 | 458 | 6.08 | 6.67| 5.41| 504 | 539 | 4.46 | 5.06| 553 | 4.65| 6.05| 6.68| 5.35
20 | 479 5.06| 4.64| 481 5.09| 4.61| 576 | 6.08| 5.45| 5.14| 543 | 4.92| 498 5.19| 473 | 5.15| 539 4.89
2 495| 9.23 | 2.57| 4.88 | 8.80 | 2.34| 6.50 | 11.07 | 3.48 | 5.15| 8.99 | 2.60 | 5.13 | 9.44 | 2.82| 7.12| 12.15| 3.65
5 491 | 6.05| 4.09| 491 | 6.03| 3.94| 6.07| 7.42| 489 | 5.09| 6.16| 4.03 | 5.12| 6.38| 4.04 | 7.04 | 8.59| 5.52
. 10 | 525| 572|470 487 533 | 439 | 622 | 6.82| 5.63| 481 | 537 | 435/ 5.15| 5.67| 4.69| 6.12| 6.80| 5.42
20 | 51| 527| 482 5.10| 536| 492| 526 | 547 | 503 | 495| 535 | 479 | 541 | 5.63 | 521 | 5.09| 542 491
2 507 | 943 | 272 | 487 | 871 | 2.61 | 6.51 | 10.92 | 3.62 | 491 | 9.12 | 2.62 | 528 | 9.35 | 3.36 | 8.49 | 14.05 | 4.55
5 490 | 594 | 4.02| 499 | 6.11| 4.19| 6.51 | 7.91 | 526 | 498 | 6.07 | 4.12 | 489 | 6.13 | 3.98 | 7.80 | 9.33 | 6.30
? 10 | 496| 542 | 453 | 499 | 541 | 4.43| 590 | 6.37 | 542 | 4.88 | 531 | 454 | 475| 523 | 4.29| 656 | 7.17| 5.86
20 | 472| 493 | 4.45| 492 530 | 4.63 | 547 | 581 | 523 | 524 539 5.02| 487 | 521 | 462 | 543 | 575 5.09
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CONCLUSIONS

In this study, Wilks” A (W), Hotelling-Lawley Trace
(H) and Pillai’s Trace (P) tests which are widely
used in practice were compared with regards to their
When

multivariate distributions which are normal and deviate

performances. samples were drawn from
slightly or moderately from normality, the W test was
conservative in all cases. However, when samples were
taken from multivariate distributions which excessively
deviate from normality, actual type I error rates for the W
test exceeded the upper limit of Bradley’s criterion almost
in all cases. Regardless of distribution shape, sample
size, p, number of variables for each dataset, actual type
I error rates for the H test were above upper limit of
Bradley’s conservative criterion. P test generally was not
more successful compared to the W test. However, when
samples were drawn from multivariate distributions
which excessively deviate from normality, the P test was
more successful compared to the other tests in terms of

protecting type I error rate.

In this simulation study, 576 experimental cases were
examined for each test. In 411 cases (71.35% of all
cases), the W test obtained actual type I error rates which
were within Bradley limits. Actual type I error rates
which were outside Bradley limits for the W test were
obtained in multivariate distributions which excessively
deviate from normality. Because the type I error rates
for the H test were within the Bradley limits in only
165 (28.65% of all cases) experimental cases, it was
generally unsuccessful. This situation was clearer, when
samples were drawn from multivariate distributions
which excessively deviate from normality. In 245 cases
(42.53% of the all cases), the P test were conservative.
Most of these conditions were in the multivariate

distributions which excessively deviate from normality.

As a result, when samples were taken from multivariate
distributions which were normal or slightly or moderately
deviated from normality, the W test was certainly
robust. The P test was more successful than other

tests in multivariate normal distributions that deviated
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excessively from normality. Regardless of experimental

conditions, the H test was not generally robust.
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