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Abstract

In this work, two problems are investigated. In general, Weyl-type inequalities of operators
in complex reflexive Banach spaces are discussed. First, we obtained the Weyl-type inequalities
using arbitrary multiplicative surjective and injective s-numbers that are dual of each other.
Second, we introduced the Weyl-type inequalities by multiplicative injective and surjective s-
numbers under certain conditions for S and S’ operators in complex reflexive Banach space. So,

new Weyl-type inequalities are investigated for both dual s-number sequences and dual operators.
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Bu caligmada iki problem incelenmistir. Genel olarak, kompleks yansimali Banach
uzaylarinda operatdrlerin Weyl-tipi esitsizlikleri {izerinde durulmustur. ilk olarak, birbirinin duali
olan keyfi ¢arpimsal surjektif ve injektif s-sayilarmni kullanarak Weyl-tipi esitsizlikler elde
edilmistir. Ikinci olarak, kompleks yansimali Banach uzayindaki S ve S’ operatérleri igin belirli
kosullar altinda ¢arpimsal injektif ve surjektif s-sayilar1 ile Weyl-tipi esitsizlikler ifade edilmistir.
Boylece hem dual s-sayr dizileri hem de dual operatdrler i¢in yeni Weyl-tipi esitsizlikleri

arastirilmigtir.

Anahtar Kelimeler: Dual s-sayilari; Dual operatorler; Carpimsal injektif ve surjektif s-

sayilari; s-sayilari; Weyl-Tipi esitsizlikler.
1. Introduction

The definition of s-number (or singular numbers) was firstly used by E. Schmidt in the
theory of non- selfadjoint integral equation. The axiomatic structure of the original s-numbers in

Banach spaces was developed by A. Pietsch [1].

Let us first give the theorem which expresses the classical Weyl inequality in Hilbert spaces

[2]. Let H be a Hilbert space and S € C,(H) a compact operator. Then

ﬁMk(SN < ﬁ sk(S)
k=1 k=1

for n=1,2,..

This inequality is an important tool to prove the correlation between eigenvalues and s-
numbers. Thus, an important contribution is made to the investigation of the optimum asymptotic

behavior of the eigenvalues. A. Pietsch developed the Weyl inequality for operators in Banach

spaces [3].
1
n n n-k . n n
n\72n _x
[[wl) <@ ™ mmisi=| ] mo
j=1 j=n-k+1

This inequality applies to any s-number sequence, because the Hilbert numbers are the

smallest s-numbers in Banach spaces. We can also look at [4] for better constants.

For these inequalities, the Weyl numbers are considered to be suitable s-numbers. This fact
has been confirmed as a result of extensive studies on the eigenvalues about of integral operators

moving in function spaces. Researchers obtained similar inequalities by taking different s-
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numbers instead of Weyl numbers. These inequalities are generally referred to as Weyl-type
inequalities in the literature. We can see several Weyl-type inequalities in [2, 5, 6]. However,
various Weyl-type inequalities were obtained for different operators (Riesz operator, Compact
operator, etc.) in Banach space [5-7]. We can see some Weyl-type inequalities by injective and
surjective s-numbers in [8, 9]. In our study, we will use the multiplicative injective and surjective

s-numbers.

In the studies done in the ever-evolving literature, it has been concluded that many
problems of the theory of multi-point differential operators can be easily solved on the direct sum
of Banach spaces [10, 11]. In this context, some s-number functions of the direct sum of operator
defined on the direct sum of Banach spaces, which can contribute to the field, and the s-number
functions of the same type of coordinate operators have been investigated [12, 13]. In addition, s-

numbers have a very important place for studies related to Lorentz-Schatten sequence classes [17-
24].

We denote by By the closed unit ball of X. In what follows X,Y, Z, e.t.c . always denote
complex Banach spaces. Then L(X,Y) and C,, (X, Y) respectively are denote the set of bounded
linear operators and compact operators from X into Y. Also, if X =Y, it is denoted by L(X) =

L(X,X) and Co, (X) = Co (X, X). Moreover, S’ is a dual operator of S.
2. s-Numbers and basic results

Definition 1. Let S € L(X). If S™ € C,(X,Y) for n € N then S is called power compact
[5-7].

Let's give the definition of an s-number sequence [14].

Definition 2. A rule s,,(S) : L — [0, o] assigning to every operator S € L a non-negative

scalar sequence s, (S) ey is called an s-number sequence if the following conditions are satisfied:

(i) Monotonicity:
IS = 5,(S) = 5,(S) =+~ =0forS € L(X,Y),

(i) Additivity:
Sp(S+T) < 5,8+ Tl for S,T € L(X,Y) andn,m = 1,2, ...,
(ii1) Ideal-Property:

sp(RST) < |IR|ls,(S)IIT|| for R € L(X,X),S € L(X,Y) and T € L(Y,Y,)
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(iv) Rank-Property:

5p(S) =0 forS € L(X,Y) with rank(S) <n

(v) Norming Property:

Sp(I,) = 1 for the identity maps I,: 15 = I} on [,.

Let's give important s-number definitions. For S € L(X,Y) and n = 1,2,..., the n —th

approximation number is defined by

a,(8) =inf{llS— All:A € L(E,F), rank (A) < n},
the n —th Gelfand number by

cn(S) = inf{lISJyll : M c X, codim(M) < n},

where Jy: M — X is the natural embedding from a subspace M of X into X, and the n —th

Kolmogorov number by
d,(S) = inf{lQuSIl : N € ¥, dim(N) < n},

where Qy:Y — Y/N defines the canonical quotient map from Y into the quotient space Y /N, and

the n —th Weyl number by
xn(S) = sup{an(SA4): |lA:l; - X[ <1},
and the n —th Hilbert number by
h,, (S): = sup{a, (BSA): ||A: 1, » X|| < 1,||B:Y - L] < 1}.
Remark 1. The following inequality exists for s-numbers in Banach spaces
hn(8) < 5,(S) < an(S),
where s, (S),en 1S an arbitrary s-number [5, 14].
Now let us express the relation between s-numbers in Hilbert spaces [5, 6].

Let us first give a brief description of the s-number in the classical Hilbert spaces. Suppose

1
H is a Hilbert space and let S € C,,(H). Then s,(S) =1, ((S *S)E) are called the singular
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numbers of S. We will show the sequence of eigenvalues of the S transformation with 1,,(S) ,en.

This sequence is ordered in decreasing absolute value and counted according to their multiplicity,
A1) = -+ = |2, (S)| = - = 0.

If S possesses less than n eigenvalues A with A # 0 we put A,,(S) = 4,,41(S) = -+ = 0. Itis

well known that the sequence of eigenvalues form a null sequence.

Lemma 1. Let X, Y be Hilbert spaces and S € C,(X,Y). Then we have

1
an(S) = Cn(S) = xn(S) = dn(s) = hn(s) = An(S*S)Z ,
where S* is the Hilbert adjoint of S.
In addition to these, let's give the following definitions [5, 6].

a. A s-number sequence s = (s,) is called injective if, given any metric injection J €
L(Y, 17) ie |yl = llyll fory € Y,s,(S) = s,(JS) forall S € L(X,Y) and all Banach

spaces X.

b. A s-number sequence s = (s,,) is called surjective if, given any metric surjection Q €
L()?,X) i.e. Q(Bg) = Bg,5,(S) = s5,(SQ) forall S € L(X,Y) and all Banach spaces
Y.

c. Ifa s-number sequence satisfies (a) and (b) then it is called injective and surjective.
Moreover, we have
cn(8) = ap,(JoS) and d,,(S) = a,,(5Q;),

where o1 Y = 1o, (By/) is the metric surjection defined by J,y = ((y, a))aegy, and with values

in the space [, (By) of bounded sequences and where Qq:l;(By) — X is the metric surjection

from 1; (By) onto X, defined by Q;((&y)) = YixeBy Sx X

On the other hand, a s-numbers sequence (s,) is called multiplicative if

Sn+m—1(TS) < $p(T) 5, (S)

forS € L(X,Y), T € L(Y,Z)andm,n € 1,2, ... .
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Now, we recall useful mixing multiplicativity property for an arbitrary s-number sequence

s = (sy) from[4]. ForS € L(X,Y)and T € L(Y, 2),

a. Spym-1(TS) < sp(Tap(S) and spym—1(TS) < an(T)sy(S).
b. Ifs = (sy,) is injective, then Sy m—1(TS) < ¢, (T)s,,(S) .
c. Ifs = (s,) is surjective, then S, 41,1 (TS) < s, (T)d1 (S).

The following result can be easily deduced from the above inequalities. If s = (s,,) is an

injective and surjective s-number sequence, then
Snam+1-1(TSR) < cp(T) sy (S)d (R)
forR € L(Xo,X),S € L(X,Y)and T € L(Y,Y,).

Let us now state a lemma that we frequently refer to in our proofs [15].

Lemma 2. Let I € L(X,Y) identity map. Then,

xi (i1~ 1) = (),

forl <k <n.

A. Pietsch's principle of related operators in the context of operators on X factorizing
through Y. And we give the following lemma which is quite useful as a result of the principle of

related operators [5-7].

Definition 3. Let S € L(X) and T € L(Y). Ifthere are maps P € L(X,Y)and R € L(Y,X)
such that S = RP and T = PR, then S and T are called related.

Lemma 3. Let S € L(X) and T € L(Y) be related operators and S power compact. Then T

is power compact and
a(S\{0} = a(T)\{0}, m(S5,2) = m(T,A) forall0 = A € a(S).

Hence we have 1,,(S) = 4,(T) foralln € N.
We need another fact about the 2-summing norms due to Garling-Gordon [15].
Lemma 4. Let X;, be any n-dimensional Banach space. Then

T[Z(IXn) =Vn .

The following basic fact is quite important to prove the main result [5].
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Lemma 5. Let S € C,,(X) be a compact operator and 4,,(S) # 0. Then there is a n-
dimensional subspace X,, of X, invariant under S, such that the operator S,, € L(X,,) induced by

S has exactly the eigenvalues 4, (S), ..., 1,(S).

The following theorems give the relationship between operators and their duals for some

s-numbers, see [1] for similar relations.
Theorem 1. Let S € L(X,Y); then
cn(S) = dn(S),

where S’ is dual operator of S.
Theorem 2. Let S € C, (X, Y) ; then
dn(S) = cn (S,

where S’ is dual operator of S.
3. Main results

In the first section, we have recalled that Weyl-type inequalities are optimal for estimating

eigenvalues of operators in Banach spaces. We can see several Weyl-type inequalities in [5, 6,

16].

Let us give the Weyl-type inequalities expressing the relation between the eigenvalues and

Weyl numbers established by Pietsch in [3]:

1

2n-1 2n1—1 n n
( uk(sn) <VZe (]_[ xk(5)>
1

k= k=1

and

IA

1 1
L P L P
<Z|Ak(5)|P> & (Z x,f(5)>
k=1 k=1

for S € C.(X,Y).
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3.1. Weyl-Type inequality by dual s-numbers of power compact operators

Power compact operators are a classical subject in the context of integral operators to relate
the properties (e.i. kernel properties) of an operator to the decay of its eigenvalues [6]. So, we
firstly obtained Weyl-type inequalities of power compact operators in Banach spaces through
multiplicative injective and surjective s-numbers. Here [x] denotes the integer part of x for 1 <

x <oandif 0 <x < 1weput [x]:=1.

Theorem 3. Let S € L(X) is a power compact operator such that all complex Banach space

X and s = (s,;) be a multiplicative injective s-number sequence for n € N. Then,

1 1

(]_[uk<s>|> scm)\/ﬁx/?(nsk(s)) ,
k=1

k=1

1

1+8\2
hi )2 forn,m € N.

where m: = [%] and0 <6 <1,C(5) = Z(T

Proof. Since S € L(X) is a power compact we can find a n —dimensional subspace X,, of

X invariant under S such that the restriction of S to Xy, S, = S|x,, has precisely 4,(S5),..., 4,(5)
as its eigenvalues. By Lemma 4, 7, (I|x,,) = v/n. Hence by the Grothendieck-Pietsch factorization
B € L(H,X,) with BA = Iy, and ||A|| = m,(A) = Vn, ||B|| = 1. We may assume that the

Hilbert space H is n —dimensional (by restriction), H = [} so that B = A™. Define T, =

AS,A™1 € L(I}) ; T, has the same eigenvalues (Aj (S)) as S, with the principle of related

n
j=1
operators. Using Weyl' s inequality in Hilbert space and the multiplicative of s-number sequence,

we obtain

ER 1
unwm>=(fﬁnﬁao
k=1 k=1
n 1
=<fﬁ@d@0
k=1

S|=

s(FﬁAnO. (1)
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Moreover, 0 < § < 1 and a non-increasing sequence of positive numbers (s;)rey We use the

estimate
1 1
n n m m
([Tse) = (] Tswners)
k=1 k=1

where m: = [%] and n,m € N. Thus,

-
S|

(ﬁ Sk(Tn)>H = (ﬁ Sk (ASnA_1)>

k=1 k=1

1

< (1_[ 5[5k]+k—1(ASnA_1)> . (2)

k=1

The mixing multiplicative (b) property of an injective s-number sequence yields the estimate for

the single s-numbers

1 1

(]_[s[ak]+k_1(AsnA-1)> s(]_[sk(Asn)c[sk](A-l)> . ©)

k=1 k=1

Also using property (iii) of Definition 2, ||A|| = m,(4) = Vn ,||B|| = 1 by the Grothendieck-

Pietsch factorization and Lemma 2 we have
sk(ASp)crsr] (A7) < Al 51(S) crsx1(1nB)
< Vs () Bl cpsig(In: 13 = 1)

=V 5, () 1Bl (611 Un: 13 = 1)

< V) [ (4)

where I,:17 — [} identity maps for n € N. From m := [%] > and [6k] = ‘52_" and

n
2(1+6)

Stirling's formula e™ > % we can combine Eqns. (1)-(4)
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1 1

< \/_( ) (em)Zm (2(1 + 5))2 (ﬁ Sk(5)>

k=1

(2 (] sk@)’i.

k=1
Finally, we obtain following inequality

1

(ﬂlzk(m) < c(5)Vnve (ﬂ sk(5)> ,
k=1

k=1

3[r

1

where 0 < § < 1,C(5) = 2(1+6) andn,m € N.

Remark 2. If weputd =1, m = E] = n — 1 replace (s,) by (x,,) then we have Pietsch's

Weyl inequality
1 L
n n-1 n—-1
(]_[Mk(ml) < 2VZenz ( x (s>> ,
k=1 k=1

where m,n € N.

49



Cona (2022) ADYU J SCI, 12(1), 40-55

Theorem 4. Let S € L(X) be a power compact operator such that all complex reflexive

Banach space X and s = (s,) be a multiplicative surjective s-number sequence for n € N. Then,

1 - 1
(ﬂlzk(5)|> sc@ﬁﬁ(l_[skm) ,
k=1 k=1

1

1+58\2
)2 forn,m € N.

where m: =[] and 0 < 6 < 1, €(8) = 2 (22

Proof. If S is a compact power operator, the dual operator S’ is also a compact power
operator. Furthermore, the eigenvalues sequences of S and S’ can be arrenged in such a way that
A, (8") = 2,(S) foralln € N, see e.g. [5]. For n € N and any operator S, define 5,(S) = s,,(5').
§ = (8) is known to be a sequence of s-numbers [5]. Also, since the dual of a metric injection is
a metric surjection [14] , § is an injective s-number sequence. Then we obtain from Theorem 3

applied to S’ that

ER 1
(]_[Mkml) = (]_[Mk(S')l)
k=1 k=1

3[r

< C(6)Wnve (]_[ sk<5’)>

k=1

1
m =

< C(6)Wnve (]_[ sk(S")> .

k=1
We have §"' = S since X is reflexive. Thus, the alleged inequality is proved.

3.2. Weyl-Type inequality of dual operators by arbitrary multiplicative injective and

surjective s-numbers

We mentioned that Weyl numbers with minimum s-numbers are considered the best s-
numbers for working with Weyl-type inequalities. Nevertheless, whether there exists a minimal

multiplicative s-number sequence another from Weyl numbers for was investigated by [4].

We will obtain an important inequality between arbitrary multiplicative injective and
surjective s-numbers (s,) and (r;,) with the property that s5,(S) < r,(S) for all S € Coo (X)

compact operators. We will also investigate the relation that s = (s,,) s-numbers which is an
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arbitrary multiplicative injective and surjective s-number sequence of S is compact operator and

it’s S’ is dual operator in complex reflexive Banach space.

Theorem 5. Let (s,) and (1) be multiplicative injective and surjective s-numbers
sequence with the property that s, (§) < 1, (S) for all S € C,(X) compact operators such that

complex Banach space X. Then,

Fan-1(5) < Ve (]_[ sk(5)> :

k=1

S

forn = 1,2,..

Proof. Since (7,) is an injective and surjective s-number sequence, we have that operator

Q, € L(I™, X) and Jo, € L(X,I1).

S|

Ton—1(8) = 12-1(J0S0Q1) < (1_[ er—l(]ooSQl)> %)

k=1

We easily see that for Q;, an operator acting in Hilbert space, and (s,,), a multiplicative injective

and surjective s-number sequence, the following inequality holds.

PO 1
(ﬂTZk—onoSQl)> = (nszk—l(]ooSQl)>
k=1 k=1
n 1
< . S)d . 6
< (ﬂ % Ue)5e(S) g(Ql)> ©)

Thus using property (iii) of Definition 2, J,, is an operator acting in Hilbert space, ||/, || < 1 and

[1Q4]l < 1 we obtain

R 1
(]_[ cgum)sk(S)dg(Ql)> < (]_[ (I 13 = I Veollsic ()11 Qs i (I 1 = l?))
k=1 2 2 k=1 2 2
n 1
< (ﬂ il 3 = 1350 ($)di Ul 1 l?)) NG
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where [, is a identity map. Since I,, is an operator acting in Hilbert space and combining Eqns.

(5)-(7) we arrive
n 1

n
Fan-1(5) < (]_[ il 12 = 15350k s 1 l’f)) .
2 2

k=1

We easily get the following estimates by using the identity maps I, for n = 1,2, ... with Lemma

n
2, from the last equation and known inequality % <em

| =

1

Tan-1(8) < (ﬁ (%))n (ﬁ S"‘(S))E

k=1 k=1

1 1

(5] ([Too)

k=1

IA

Finally, we get that

Tn-1(8) < 2e (1_[ Sk(5)> ,

k=1
forn = 1,2, ....
Let's express the relation for dual operators under the conditions of Theorem 5.

Theorem 6. Let (s,) and (7,) be be multiplicative injective and surjective s-numbers
sequence with the property that s, (§) < 1, (S) for all S € C,(X) compact operators such that

complex reflexive Banach space X. Then,

Ton-1(S") < 2e (1_[ sk(S’)> , n€N

k=1

where S’ is dual operator of S .
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Proof. Since (1;,) is an injective and surjective s-number sequence, for operator Q; €

L(X',1%) and J, € L(I}, X") we have

S|=

Ton-1(8") = 12,1 (Q15"J%) < (1_[ T2k—1(Q15']éo)> . ®

k=1

We easily see that for /¢, , an operator acting in Hilbert space, and (s,), a multiplicative injective

and surjective s-number sequence, we can write

ER 1
(]_[r2k_1(ois'féo)> = (]_[sZR_l(Q{S'Jgo)>
k=1 k=1
n 1
< / SNdr(JL ) 9
< (Bcg(el)sk( )i )> 9)

Moreover we have from Theorem 1 and Theorem 2,

1

(]_[cﬁ(ai)sk(sod&ugoﬁ =<]_[dg(ol)sk(5')cg(/oo)> . (10)
2 2 k=1 2 2

k=1

S|

Thus using property (iii) of Definition 2, J, is an operator acting in Hilbert space, ||/ || < 1 and
1Q,]l < 1 we obtain
1

(]_[ dg(ol)sk(socg(/oo)> < (]_[uolndﬁ(ln: 12— 1)55(S"Ver (I 1 zt.;)u/oou)
k=1 2 2 k=1 2 2

1
n

|~

n n
< (]_[ (I 17 = 15 (8 )i (L 11 —>li.é)> , A
k=1 2 2

where I, is a identity map. Since [,, is an operator acting in Hilbert space and combining Eqns.

(8)-(11) we arrive

n i
Tan-1(S) < (1_[ il B = )5 (S tsc (I 12 > 12 > .
2 2

k=1
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We get the following estimates by using the identity maps I, forn = 1,2, ... with Lemma 2, from

n
the last equation and known inequality % <em

Sk

ran-1(8") < 2e (1_[ Sk(S')> :

k=1
4. Conclusion

In this study, the role and importance of s-numbers in the literature were investigated. First
of all, the development of s-numbers in Banach spaces in the literature was given. Moreover,
Weyl-type inequalities, which have an important place in applied mathematics, were presented.
Information about the optimality of these Weyl-type inequalities was given. New Weyl-type
inequalities were obtained by using multiplicative injective and surjective s-numbers and dual s-
numbers in complex reflexive Banach spaces. In addition, important relations for dual operators

were expressed.
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