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Some Curves on 3-Dimensional Normal almost Contact Pseudo-metric
Manifolds

Müslüm Aykut Akgüna

aAdıyaman University, Technical Sciences Vocational High School

Abstract. In this study, we characterize Frenet curves in 3-dimensional normal almost contact pseudo-
metric manifolds. We give Frenet equations and the Frenet elements of such curves. Also, we obtain
the curvatures of non-geodesic Frenet curves on 3-dimensional almost contact pseudo-metric manifolds.
Finally we present some corollaries about these curves.

1. Introduction

The differential geometry of curves on manifolds is an attractive topic in differential geometry. Especially
the curves in contact and para-contact manifolds drew attention and studied by many authors. Olszak [10],
gave the conditions for an a.c.m structure on a manifold to be normal and gave examples for this structure.

Welyczko [14], gave some of the results for Legendre curves to the case of 3-dimensional normal a.c.m.
manifolds, especially, quasi-Sasakian manifolds. Acet and Perktaş [1] obtained curvature and torsion of
Legendre curves in 3-dimensional (ε, δ) trans-Sasakian manifolds.

Yıldırım [15] obtained the curvatures of non-geodesic Frenet curves on three dimensional normal al-
most contact manifolds and gave some results for these characterizations. De and Mondal [6] studied
ξ-projectively flat and φ-projectively flat 3-dimensional normal almost contact metric manifolds and gave
an illustrative example.

Calvaruso and Perrone [3] introduced a systematic study of contact structures with pseudo-Riemannian
associated metrics, emphasizing analogies and differences with respect to the Riemannian case. In partic-
ular, they classified contact pseudo-metric manifolds of constant sectional curvature, three dimensional lo-
cally symmetric contact pseudo-metric manifolds and three-dimensional homogeneous contact Lorentzian
manifolds.

Takahashi [11] defined Sasakian manifold with pseudo-Riemannian metric and discussed the classifi-
cation of Sasakian manifolds. Venkatesha V. [13] examined 3-dimensional normal almost contact pseudo-
metric manifold and gave the conditions for these manifolds to be normal. studied the almost contact
pseudo-metric manifolds of dimension three which are normal and derived certain necessary and sufficient
conditions for an almost contact pseudo-metric manifold to be normal.

This paper is organized as: Section 2 with three subsections, we give basic definitions and propositions of
an almost contact pseudo-metric manifold. In the second subsection we give the properties of 3-dimensional
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almost contact pseudo-metric manifolds. We give Frenet equations of a curve in 3-dimensional almost
contact pseudo-metric manifolds in the last subsection of this section.

We finally give the Frenet elements of a Frenet curve in such manifolds and give corollaries for the
Frenet curves in the third section.

2. Preliminaries

2.1. Normal Almost Contact Pseudo-metric Manifolds

A (2n + 1)-dimensional smooth connected manifold M is said to be an almost contact manifold if there
exists on M a (1,1) tensor field φ, a vector field ξ and a 1-form η such that [2]

φ2 = −I + η ⊗ ξ, η(ξ) = 1, (1)
φ(ξ) = 0, η ◦ φ = 0.

If an almost contact manifold is endowed with a pseudo-Riemannian metric g such that

1̄(φX, φY) = 1̄(X,Y) − εη(X)η(Y), (2)

where ε = ∓1, for all X,Y ∈ TM, then (N̄, φ, ξ, η, 1̄) is called an almost contact pseudo-metric manifold[13].
From (2) we have

η(X) = ε1̄(X, ξ) and 1̄(φX,Y) = −1̄(X, φY). (3)

In particular, for an almost contact pseudo-metric manifold 1̄(ξ, ξ) = ε. Thus, the characteristic vector field
ξ is a unit vector field, which is either spacelike or timelike, but cannot be ligtlike. The fundamental 2-form
of an almost contact pseudo-metric manifold (N̄, φ, ξ, η, 1̄) is defined by

Φ(X,Y) = 1̄(X, φ(Y)), (4)

where η ∧ Φn , 0[13]. An almost contact pseudo-metric manifold is said to be contact pseudo-metric
manifold if dη = Φ, where

dη(X,Y) =
1
2
(
Xη(Y) − Yη(X) − η([X,Y])

)
. (5)

[3]In an almost contact pseudo-metric manifold (N̄, φ, ξ, η, 1̄) there always exists a special kind of local
pseudo-orthonormal basis

{
ei, φei, ξ

}n
i=1, called a local φ-basis.

Let N̄ be a (2n+1)-dimensional almost contact pseudo-metric manifold with structure (φ, ξ, η) and
consider the manifold N̄ ×R. We denote a vector field on N̄ ×R by X, f d

dt , where X ∈ TN̄, t is the coordinate
onℜ and f is a C∞ function on N̄ × R. Then the structure J on N̄ × R defined by

J(X, f
d
dt

) = (φX − fξ, η(X)
d
dt
, (6)

is an almost complex structure. If the almost complex structure J is integrable, then we say that the almost
contact pseudo-metric structure (φ, ξ, η) is normal. Necessary and sufficient condition for integrability of J
is

[φ,φ] + 2dη ⊗ ξ = 0, (7)

where [φ,φ] is the Nijenhius torsion of φ.[3]

Proposition 2.1. [12] An almost contact pseudo-metric manifold is normal if and only if

(∇φXφ)Y − φ(∇Xφ)Y + (∇Xη)(Y)ξ = 0, (8)

where ∇ is the Levi-Civita connection.
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2.2. Three dimensional normal almost contact pseudo-metric(n.a.c.p-m) manifold
Lemma 2.2. [13] A three dimensional n.a.c.p-m manifold N̄ is normal if and only if

∇φXξ = φ∇Xξ. (9)

Theorem 2.3. [13] For a three dimensional n.a.c.p-m manifold N̄, the following three conditions are mutually
equivalent:
(1) N̄ is normal
(2) there exist smooth functions α, β on N̄ such that

∇Xξ = α
{
X − η(X)ξ

}
− βφX, (10)

(3) there exist smooth functions α, β on N̄ such that

(∇Xφ)Y = α
{
ε1̄(φX,Y)ξ − η(Y)φX

}
+ β

{
ε1̄(X,Y)ξ − η(Y)X

}
. (11)

In particular, the functions appearing above are given by

2α = div(ξ), 2β = tr(φ∇X). (12)

Corollary 2.4. [13] For a three dimensional n.a.c.p-m manifold, the vector field ξ is geodesic, i.e., ∇ξξ = 0 and
dη = εβΦ.

From (11) we can give the following definition.

Definition 2.5. [13] A three dimensional n.a.c.p-m manifold is called
(i) cosymplectic if α = β = 0,
(ii) quasi-Sasakian if α = 0 and β , 0, and β-Sasakian pseudo-metric manifold if α = 0 and β is non-zero constant.
If β = ε it is the Sasakian pseudo-metric manifold,
(iii) an almost α-Kenmotsu pseudo-metric manifold if β = 0 and α , 0, and α-Kenmotsu pseudo-metric manifold if
β = 0 and α is a non-zero constant. If α = 1 it is the Kenmotsu pseudo-metric manifold.

Lemma 2.6. [13] For a three dimensional n.a.c.p-m manifold ξ(β) + 2αβ = 0 holds.

2.3. Frenet Curves
Let N̄ be a three dimensional n.a.c.p-m manifold with Levi-Civita connection ∇ and ϑ : I → N̄ be a

unit speed curve parametrized by arc length s in N̄ where I is an open interval. A unit speed curve ϑ is
called timelike or spacelike if its casual character is -1 or 1, respectively. Also, ϑ is called a Frenet curve if
1̄(ϑ

′

, ϑ
′

) , 0. A Frenet curve ϑ admits an orthonormal frame field {t = ϑ′ ,n, b} along ϑ. Then the following
Frenet equations holds:

∇ϑ′ t =κn,
∇ϑ′n = − κt + ετb,
∇ϑ′ b = − ετn,

where κ = |∇ϑ′ϑ
′

| is the geodesic curvature of ϑ and τ is geodesic torsion. The vector fields t, n and b
are called the tangent vector field, the principal normal vector field and the binormal vector field of ϑ,
respectively.
A Frenet curve ϑ is a geodesic if and only if κ = 0. A Frenet curve ϑ with constant geodesic curvature and
zero geodesic torsion is called a pseudo-circle. A pseudo-helix is a Frenet curve ϑwhose geodesic curvature
and torsion are constant.

A curve in a 3-dimensional n.a.c.p-m manifold is said to be slant if its tangent vector field has constant
angle with the Reeb vector field,i.e.η(ϑ′) = ε1̄(ϑ′, ξ) = cosθ = constant. If the condition η(ϑ′) = ε1̄(ϑ′, ξ) = 0
holds then ϑ is a Legendre curve[14].
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3. Main Results

Let us consider a 3-dimensional normal almost contact pseudo-metric manifold N̄. Let ϑ : I → N̄ be a
non-geodesic (κ , 0) Frenet curve given with the arc-parameter s and ∇̄ be the Levi-Civita connection on
N̄. From the basis (ϑ

′

, φϑ
′

, ξ) we obtain an orthonormal basis {z1, z2, z3} defined by

z1 =ϑ
′

,

z2 =
φϑ

′√
1 − εϱ2

,

z3 =
ξ − εϱϑ

′√
1 − εϱ2

,

(13)

where
η(ϑ

′

) = ε1̄(ϑ
′

, ξ) = εϱ. (14)

Moreover we have
∇̄ϑ′ z1 = νz2 + µz3 (15)

such that
ν = 1̄(∇̄ϑ′ z1, z2) (16)

is a function. Then we obtain µ by

µ = 1̄(∇̄ϑ′ z1, z3) =
εϱ′√

1 − εϱ2
− α

√
1 − εϱ2. (17)

So, we have

∇̄ϑ′z2 = −νz1 +

β − ε ϱν√
1 − εϱ2

 z3 (18)

and

∇̄ϑ′z3 = −µz1 −

β − ε ϱν√
1 − εϱ2

 z2. (19)

The fundamental forms of the tangent vector ϑ′ on the basis of the equation (13) is

[ωi j(ϑ′)] =


0 ν µ
−ν 0 −β + ε ϱν

√
1−εϱ2

−µ β − ε ϱν
√

1−εϱ2
0

 (20)

and the Darboux vector connected to the vector ϑ′ is

ω(ϑ′) =

−β + ε ϱν√
1 − εϱ2

 z1 − µz2 + νz3. (21)

Then, we have
∇̄ϑ′zi = ω(ϑ′) ∧ εzi (1 ≤ i ≤ 3). (22)

Furthermore, for any vector field Z =
∑3

i=1 θ
izi ∈ χ(N̄) is strictly dependent on the curve ϑ on N̄, there exists

the following equation

∇̄ϑ′Z = ω(ϑ′) ∧ Z + ε
3∑

i=1

zi[θi]zi. (23)
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3.1. Frenet Elements of the curve ϑ
Let ϑ : I → N̄ be a non-geodesic (κ , 0) Frenet curve given with the arc parameter s and the elements

{t,n, b, κ, τ}.
From (15) we have

κn = ∇̄ϑ′z1 = νz2 + µz3. (24)

From the equations (17) and (23) we find

κ =

√√
ν2 +

 εϱ′√
1 − εϱ2

− α
√

1 − εϱ2

2

. (25)

On the other hand

∇̄ϑ′n =
(
ν
εκ

)′
z2 +

ν
εκ
∇ϑ′z2 +

( µ
εκ

)′
z3 +

µ

εκ
∇ϑ′z3

= − κt + ετB.
(26)

By using the equations (18) and (19) we find

τb =

( νεκ )′ + µεκ
β − ε ϱν√

1 − εϱ2

 z2

+

( µεκ )′ + νεκ
β − ε ϱν√

1 − εϱ2

 z3.

(27)

By a direct computation we find following equation[(
ν
εκ

)′]2

+
[( µ
εκ

)′]2

=
[
−

(
ν
εκ

)′ µ
εκ
+
ν
εκ

( µ
εκ

)′]2

. (28)

If we take the norm of the this equation and use the equations (17) and (28) in (27) we get

τ =

∣∣∣∣∣∣∣∣∣∣∣∣
β − ε ϱν√

1 − εϱ2

 −
√√√√√√√√√[(

ν
εκ

)′]2

+




εϱ′
√

1−εϱ2
− α

√
1 − εϱ2

εκ


′

2
∣∣∣∣∣∣∣∣∣∣∣∣ . (29)

Theorem 3.1. Let N̄ be a three dimensional n.a.c.p-m manifold and ϑ be a Frenet curve on N̄. Then t, n and b can
be given as

t =ϑ′ = z1,

n =
ν
εκ

z2 +
µ

εκ
z3,

b =
1
ετ

( νκ )′ − µκ
β − ε ϱν√

1 − εϱ2

 z2

+
1
ετ

(µκ )′ + νκ
β − ε ϱν√

1 − εϱ2

 z3.

(30)

Moreover we can write

ξ = εϱt +
µ
√

1 − εϱ2

κ
n − ε

√
1 − εϱ2

τ

(µκ )′ + νκ
β − ε ϱν√

1 − εϱ2

 b. (31)
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Theorem 3.2. Let N̄ be a three dimensional n.a.c.p-m manifold and ϑ be a Frenet curve on N̄. ϑ is a slant curve on
N̄ if and only if the Frenet elements {t,n, b, κ, τ} of this curve ϑ are as follows

t =z1 = ϑ
′,

n =z2 =
φϑ′

√

1 − εcos2θ
,

b =z3 =
ξ − εcosθϑ′
√

1 − εcos2θ
,

κ =
√
α2(1 − εcos2θ) + ν2,

τ =

∣∣∣∣∣∣∣∣∣
(
β − ε

cosθν
√

1 − ε cos2 θ

)
−

√√[(
ν
εκ

)′]2

+

α√1 − ε cos2 θ
εκ

′2
∣∣∣∣∣∣∣∣∣ .

(32)

Proof. Let the curve ϑ be a slant curve on N̄. By considering the condition ϱ = η(ϑ′) = cosθ = constant in the
equations (13), (25) and (29) we arrive at (32). If (32) holds, it is obvious from the definition of slant curves,
ϑ is slant.

From Theorem 3.2, we easily give the above corollaries.

Corollary 3.3. Let N̄ be a three dimensional n.a.c.p-m manifold and ϑ be a slant curve on N̄. If κ is a non-zero

constant, then τ =
∣∣∣∣∣(β − ε cosθν

√

1−ε cos2 θ

)∣∣∣∣∣ and ϑ is a pseudo-helix on N̄.

Corollary 3.4. Let N̄ be a three dimensional n.a.c.p-m and ϑ be a slant curve on this manifold N̄. If κ is not constant
and τ = 0 then ϑ is a plane curve on N̄ and the following equation satisfies

1̄(∇ϑ′z2, z3) =
ν2(αν )′

√

1 − ε cos2 θ

ν2 + α2(1 − ε cos2 θ)
. (33)

Theorem 3.5. Let N̄ be a three dimensional n.a.c.p-m manifold and ϑ be a Frenet curve on N̄. ϑ is a Legendre
curve(ϱ = η(ϑ′) = 0) on this manifold if and only if the Frenet elements {t,n, b, κ, τ} of this curve ϑ are as follows

t =z1 = ϑ
′,

n =z2 = φϑ
′,

b =z3 = ξ,

κ =
√

ν2 + α2,

τ =

∣∣∣∣∣∣∣∣β −
√[(

ν
εκ

)′]2

+
[(
α
εκ

)′]2
∣∣∣∣∣∣∣∣ .

(34)

Proof. Let the curve ϑ be a Legendre curve on N̄. By considering ϱ = η(ϑ′) = 0 in the equations (13), (25)
and (29) we arrive at(34). If the equations in (34) hold, from the definition of Legendre curves it is obvious
that the curve ϑ is a Legendre curve on N̄.

Corollary 3.6. Let the curve ϑ is a Legendre curve in three dimensional n.a.c.p-m manifold N̄. If κ is non-zero
constant and τ = 0 then ϑ is a plane curve on N̄ and β = 0.

Moreover we can give the following corollaries.
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Corollary 3.7. Let N̄ be a three dimensional n.a.c.p-m manifold and ϑ be a Frenet curve on this manifold. If N̄ is
cosymplectic, then from the equations (25) and (29) the curvatures of ϑ are

κ =

√√
ν2 +

 εϱ′√
1 − εϱ2

2

(35)

and

τ =

∣∣∣∣∣∣∣∣∣ε
ϱν√

1 − εϱ2
+

√√√[(
ν
κ

)′]2

+

 ϱ′

κ
√

1 − εϱ2

′2
∣∣∣∣∣∣∣∣∣ . (36)

i) If ϑ is a slant, then we get

κ = ν and τ =

∣∣∣∣∣∣ε cosθ
√

1 − ε cos2 θ

∣∣∣∣∣∣κ. (37)

ii) If ϑ is a Legendere curve, then we get
κ = ν and τ = 0. (38)

Corollary 3.8. Let ϑ be a curve on three dimensional quasi Sasakian pseudo-metric manifold N̄. Then, the curvatures
of ϑ are

κ =

√√
ν2 +

 εϱ′√
1 − εϱ2

2

(39)

and

τ =

∣∣∣∣∣∣∣∣∣β − ε
ϱν√

1 − εϱ2
+

√√√[(
ν
κ

)′]2

+

 ϱ′

κ
√

1 − εϱ2

′2
∣∣∣∣∣∣∣∣∣ . (40)

If the curve ϑ is a slant curve on N̄, then we get

κ = ν and τ =

∣∣∣∣∣∣β − ε cosθ
√

1 − ε cos2 θ

∣∣∣∣∣∣κ. (41)

If the curve ϑ is a Legendre curve on N̄, then we obtain

κ = ν and τ =
∣∣∣β∣∣∣ . (42)

Corollary 3.9. Let ϑ be a curve on three dimensional β-Sasakian pseudo-metric manifold N̄. Then, the curvatures of
ϑ are

κ =

√√
ν2 +

 εϱ′√
1 − εϱ2

2

(43)

and

τ =

∣∣∣∣∣∣∣∣∣β − ε
ϱν√

1 − εϱ2
+

√√√[(
ν
κ

)′]2

+

 ϱ′

κ
√

1 − εϱ2

′2
∣∣∣∣∣∣∣∣∣ . (44)

The curvatures of ϑ are

κ = ν and τ =

∣∣∣∣∣∣β − ε cosθ
√

1 − ε cos2 θ

∣∣∣∣∣∣κ (45)

where ϑ is a slant curve in three dimensional β-Sasakian pseudo-metric manifold N̄ and

κ = ν and τ =
∣∣∣β∣∣∣ (46)

where ϑ is a Legendre curve in three dimensional β-Sasakian pseudo-metric manifold N̄.
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Corollary 3.10. From (25) and (29) the curvatures of ϑ on tree dimensional Sasakian pseudo-metric manifold N̄ are

κ =

√√
ν2 +

 εϱ′√
1 − εϱ2

2

(47)

and

τ =

∣∣∣∣∣∣∣∣∣ε
1 − ε

ϱν√
1 − εϱ2

 −
√√√[(
ν
κ

)′]2

+

 ϱ′

κ
√

1 − εϱ2

′2
∣∣∣∣∣∣∣∣∣ . (48)

i) If ϑ is a slant curve, then we have

κ = ν and τ =

∣∣∣∣∣∣ε
(
1 − ε

cosθ
√

1 − ε cos2 θ

)∣∣∣∣∣∣κ. (49)

ii) If ϑ is a Legendere curve, then we get
κ = ν and τ = 1. (50)

Corollary 3.11. Let ϑ be a curve on three dimensional α-Kenmotsu pseudo-metric manifold N̄. Then the curvatures
of ϑ are

κ =

√√
ν2 +

 εϱ′√
1 − εϱ2

− α
√

1 − εϱ2

2

(51)

and

τ =

∣∣∣∣∣∣∣∣∣∣∣∣ε
ϱν√

1 − εϱ2
+

√√√√√√√√√[(
ν
κ

)′]2

+




εϱ′
√

1−εϱ2
− α

√
1 − εϱ2

ε2κ


′

2
∣∣∣∣∣∣∣∣∣∣∣∣ . (52)

If ϑ is a slant curve on N̄, then we obtain

κ =
√
ν2 + α2(1 − ε cos2 θ), (53)

τ =

∣∣∣∣∣∣∣∣∣ε
νcosθ

√

1 − ε cos2 θ
+

√√[(
ν
κ

)′]2

+

α√1 − ε cos2 θ
κ

′2
∣∣∣∣∣∣∣∣∣ . (54)

If ϑ is a Legendre curve on N̄, then we get

κ =
√

ν2 + α2 and τ =

√[(
ν
κ

)′]2

+
[(
α
κ

)′]2

. (55)

Corollary 3.12. Let ϑ be a curve on three dimensional Kenmotsu pseudo-metric manifold N̄. Then, the curvatures
of ϑ are

κ =

√√
ν2 +

 εϱ′√
1 − εϱ2

−

√
1 − εϱ2

2

(56)

and

τ =

∣∣∣∣∣∣∣∣∣∣∣∣ε
ϱν√

1 − εϱ2
+

√√√√√√√√√[(
ν
κ

)′]2

+




εϱ′
√

1−εϱ2
−

√
1 − εϱ2

ε2κ


′

2
∣∣∣∣∣∣∣∣∣∣∣∣ . (57)
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The curvatures of ϑ are

κ =
√
ν2 + (1 − ε cos2 θ), (58)

τ =

∣∣∣∣∣∣∣∣∣ε
νcosθ

√

1 − ε cos2 θ
+

√√[(
ν
κ

)′]2

+

 √1 − ε cos2 θ
κ

′2
∣∣∣∣∣∣∣∣∣ . (59)

where ϑ is a slant curve in three dimensional Kenmotsu pseudo-metric manifold N̄ and

κ =
√

ν2 + 1 and τ =

√[(
ν
κ

)′]2

+

[( 1
κ

)′]2

(60)

where ϑ is a Legendre curve in three dimensional Kenmotsu pseudo-metric manifold N̄.

4. Conclusion

In this paper we constructed the Frenet apparatus of a non-geodesic Frenet curve on three dimensional
normal almost contact pseudo-metric manifold. We gave some theorems about these curves and find their
Frenet elements {t,n, b, κ, τ}. Moreover we gave corollaries for these curves to be slant curve and Legendre
curve. So, we characterized some curves on three dimensional normal almost contact pseudo-metric
manifolds by using their Frenet elements.
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[3] G. Calvaruso and D. Perrone , Contact pseudo-metric manifolds, Differential Geometry and its Applications, Volume 28 (2010),

615–634.
[4] G. Calvaruso,Einstein-like metrics on three-dimensional homogeneous Lorentzian manifolds, Geom. Dedicata, Volume 127 (2007),

99–119.
[5] J. T. Cho, J. Ioguchi and Ji-Eun Lee, On Slant Curves in Sasakian 3-Manifolds, Bulletin of Australian Mahematical Society, Volume

74 (2006), 359–367.
[6] U. C. De and A. K. Mondal, The structure of some classes of 3-dimensional normal almost contact metric manifolds, Bull. Malays.

Math. Sci. Soc., Volume 33(2) (2013), 501–509.
[7] J. I. Inoguchi and J. E. Lee, On slant curves in normal almost contact metric 3-manifolds, Beitr Algebra Geom., Volume 55 (2014),

603–620.
[8] Ji-Eun Lee, Slant Curves and Contact Magnetic Curves in Sasakian Lorentzian 3-Manifolds, Symmetry, Volume 11(6) (2019), 784.
[9] B. O’Neill, Semi-Riemannian Geometry, Academic Press, New York, 1983.
[10] B. Olszak,Normal Almost Contact Metric Manifolds of Dimension Three, Annales Polonici Mathematici, Volume XLVII (1986).
[11] T. Takahashi, Sasakian manifold with pseudo-Riemannian metrics, Tôhoku Math. J., Volume 21 (1969), 271–290.
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