Universal Journal of Mathematics and Applications, 6 (4) (2023) 170-175
Research paper UJMA
2

UJMA Universal Journal of Mathematics and Applications

Journal Homepage: www.dergipark.gov.tr/ujma
ISSN 2619-9653
DOI: https://doi.org/10.32323/ujma. 1359300

Lifts of Hypersurfaces on a Sasakian Manifold with a
Quartersymmetric Semimetric Connection (QSSC) to Its
Tangent Bundle

Mohammad Nazrul Islam Khan!" and Lovejoy Swapan Kumar Das’

L Department of Computer Engineering, College of Computer, Qassim University, Buraydah-51452, Saudi Arabia
2Department of Mathematics, Kent State University,, Tuscarawas, New Philadelphia, OH, 44663, U.S.A.

*Corresponding author

Article Info Abstract
Keywords:  Riemannian manifold, The aim of the present paper is to introduce a Sasakian manifold immersed with a quarter-
Sasakian manifold, Tangent Bundle, symmetric semimetric connection to a tangent bundle. Some basic results are given on a

Quartersymmetric semimetric connec-
tion

2010 AMS: 53B15, 53C15, 53D10
Received: 12 September 2023
Accepted: 8 December 2023

Available online: 15 December 2023

Riemannian connection and a QSSC to the tangent bundle on a Sasakian manifold. The
geometrical properties of a Sasakian manifold to its tangent bundle are also discussed.

1. Introduction

A quartersymmetric linear connection with an affine connection V in differentiable manifolds was defined and studied by
Golab [1]. Let Ty be a torsion tensor defied as

To(Xo,Yo) = u(Yo)$Xo — u(Xo)9Yo, (1.1)

where u € 3} (M), ¢ € 31(M), then V is known as a quarter symmetric connection.

Several authors made precious contributions to a QSSC including ( [2], [3]). Dida et. al. ( [4], [5]) studied the geometry of II
order tangent bundle and Ricci soliton on the tangent bundle with semisymmetric metric connection. Golden Riemannian
structure on tangent bundles were studied and some basic results was proved on it by Peyghan et. al. [6]. Recently, Altunbas
et. al. [7] introduced and obtained fundamental results on Ricci soliton on tangent bundles by applying complete lifts.
Some theorems on a Lorentzian para-Sasakian manifold with a quartersymmetric metric connection on tangent bundles are
determined [8].

In this study, we apply the complete and vertical lifts on tensor fields and connections. The development of the theory of
hypersurfaces prolonged to tangent bundle with respect to complete lifts of metric tensor of a Riemannian manifold is attributed
to Tani [9]. In 2022, Khan [10] studied submanifolds of a Riemannian manifold endowed with a new type of semi-symmetric
non-metric connection in the tangent bundle. Different geometers have studied and defined different types of connections and
structures which can be seen in ( [11]- [17]).

Lifts of hypersurface from a Sasakian manifold to its tangent bundle connected to a QSSC are examined in the proposed work.
Key findings include the following:
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* We proved the induced connection on a Sasakian manifold with QSSC concerning the unit normal is also a QSSC.
+ We determined the formula for V€ and @Cowith aQSSCon TM.

* We developed a relation between a QSSC V¢ with respect to Riemannian connection V€ in (7', g).

* We proved some theorems on geometrical properties with respect to VC and VC.

2. Preliminaries
Let M (dim= n) be a Riemannian manifold. For ¢ € 31(M),no € 3%(M),& € 3} (M) fulfilling

¢*X = —Xo+10(X0)¢, 2.1)

M is called an almost contact manifold [18] and the structure (¢, &, 1)) is called an almost contact structure on M. In addition,
there exists a metric tensor g satisfying

8(0Xo,0Yy) =g(Xo,Yo) — Mo(Xo)10(Yo),
8(Xo0,8) =10(Xo),

then M is called an almost contact metric manifold [19].
The vector field & is said to be a Killing vector field if it generates a group of isometries or equivalently if g(Vx,&,Yo) +

8(Vy,&,Xo) = 0.
If £ is a Killing vector field then the contact metric manifold (¢,&,179) is called a K-contact structure, and such a manifold
is called a K-contact manifold [19]. A K-contact Riemannian manifold (M, g) is called a Sasakian manifold ( [2], [20]) if

VXo,Y) € S(l)(M), we have

(Vx,0)(Yo) = g(Yo,X0)E — 10(Y0)Xo. (2.2)
Besides the relations (2.1) and (2.2), the following relations also hold in a Sasakian manifold

¢& =0, Mo(§) =1, Vx,&=—0Xo, g(¢Xo,Y0)+8(Xo,9¥) =0,

VX0, Yo € 34(M).
The torsion tensor T with the Levi-Civita connection V and the linear connection V is defined as

To(Xo,Yo) = @XOYAO - @y*o)fo — [Xo,Yol, (2.3)

vXo,Y € 35 (M).
A QSSC Vin (M, §) is defined as [21]

Vi, Yo = Vi Yo —11(X0)§Yo + £(9Xo, Yo), 24
which satisfies
(Vy,8(Xo, Yo) =211 (X0)8 (Yo, Z0) — 11 (Y0)8(9X0, Z0) + 1 (Z0) (9 X0, o), (2.5)

~

VXo,Yo € 34(M), where V is a Riemannian connection in (M, §) and P € 3} (M) given by (P, Xo) = A (Xo).

Let TM be the tangent bundle of M. Superscripts C and V denote the complete and vertical lifts of the tensor fields. The
following characteristics of these lifts ( [10,22,23]):

]
¢V (%) =9°(X%") = (3(X0))" 1 4" (%) =0,
jo" (%0°) =(1io(X0))" 5 110C (%) = (1i(%0))
(X" %) =g (%" ") = (8% Vo))", (2.6)
2 (%" ) =(8(X0, Y0))S,
VE(X ") =(V (X0, Yo))
Ve Yo ) =(V(Xo. Vo)),
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Let S (dim= n — 1) be a manifold such that a mapping B : S — M. The tangent map of B represented by B : T(TS) — T(TM),
where B : TS — TM. The hypersurface S is a Riemannian manifold and g is induce metric on S such that

8(Xo,Yo) = &(BXo,BY),
and
Vix,BYo = B(Vx,Yo) + h(Xo, Yo)N, 2.7)

VX, Yo € 3(1)(M ), where V is induced connection, N is the unit normal vector field and / is the second fundamental tensor field
on (S,g) ([9,24]). The relation

h(Xo,Yo) = g(HXo,Yo),H € 31(S).

Definition 2.1 (i) If 2 = 0 then S is said to be totally geodesic with respectto V.
(ii) If & is proportional to g then S is said to be totally umbilical with respect to V [25].

3. Lifts of a QSSC to the Tangent Bundle on a Sasakian Manifold

Let Visa QSSC induced on the hypersurface S from V, fulfills
Vix,BYo = B(Vx,Yo) +h(Xo, Yo)N, 3.1)

VXo,Yo € 34(S),m € 33(S).
Putting M = H — A1, we get the relation

m(X()vYO) = g(MX7Y0)7

VI € 31(S).

Definition 3.1 (i) If m = 0 then S is said to be totally geodesic with respect to V.
(i) If m o< g then § is said to be totally umbilical with respect to V.

In view of (2.4), we infer

VixBY = VpxBY —1jo(BX)BoY, + §(BXo, BY )€, (3.2)

VXo,Yo € 34(S).
Using equations (2.7), (3.1) and (3.2), we obtain

B(%XOYO) +m(X0,Y0)N = B(VXOY()) —|—h(X0,Y0)N — ﬁo(BXo)B¢Y0 +§(B¢X0,BY0)(B§ +AN),

Put E = BE + AN, where A is a function, & € 3}(S) and 9 € 3?(5) determined by 1o(Xo) = 1o(BXo) ( [19,27,28]).
Comparing the tangential and normal parts from both sides, we infer

Vi, Yo =VxY —100(X0)0Yo + (0 X0, Y0)E,
m(Xo,Yo) =h(Xo,Yo) + Ag(9Xo,Yo).

Hence, we state the following:

Theorem 3.1. The connection induced on a Riemannian manifold’s hypersurfaces with a QSSC on a Sasakian manifold with
respect to the unit normal is also a QSSC.

Let ¢ be an element of M and the complete lift §€ be the element of TM. The induced metric on T'S from g€ by g. Then
g(X§,Y$) = g5 (BXS , BYS ), ¥Xo,Yo € 3Y(S).

Let Riemannian connection V be an element of (M, §), then VE will be an element of (TM, g€). Let V be an induced connection
in (S,g), then VC is an element of (TM, g).
We shall first state known results ( [6,29])

Theorem 3.2. If Ty is torsion tensor of V in (M, §), then foc is torsion tensor of V€ in (TM, ).

Theorem 3.3. VXY, € 3}(S)



Universal Journal of Mathematics and Applications 173

where # represents an operation of restriction and C and V represent complete and vertical lifts operatons on n&l ((S)).
Applying the complete lifts on (2.4) and with the help of (2.6), we infer

~ =

(VixBY)© =(VixBY ) — (10 (BX)BYYo) + (&(B9Xo, BY )§)°
(VaxBY)C =(V BxBn — (10(BX))€ (B9 Yo)C +1i0(BX))" (B9Yp)")
+(2 <B¢xo,BY>>C’$>V +(£(B9Xo,BY))" €)C
e BYS =V BYS — 100 (BXE)(B(9%0)") — 1io” (BXG) (B(9Y0) )

+(8°(B (¢Xo)c,g(¢X0)C§)V+(§C(B(¢X0)V,E’(¢Xo) E)x.

We have
VixeBYo = Vi e BXG — X5, Y5 ] = - 10" (BXS ) (B(9Y0)") — 1o (BXS ) (B(9Y0)) + 11" (BYS ) (B(9X0)" )
+1io" (BY§ ) (B($X0) ).
From equation (2.3) and Theorem 3.2, we get
TC(BXC,BYC) =" (BYy ) (B(9X0)" ) + 1l (BYs ) (B(9X0)) — 11" (BXG ) (B(9Y0)") — 1io” (BXS ) (B(9¥0) ). (3.3)
Now,

C
g (VBXC

BYS . BZG) + 6 (BYS Vi o BZG) =4 (Ve BYS —1io” (BXS) (B(9¥0)") — 1o (BYS) (B(9X0)")
+8°(B(90X0)C, BYO)EY +°(B(9Xo)¥ . BYS)EC, BZS)
+§C(BYoﬁ§XgI§Z€ — 170" (BXS) (B(920)")
— 10" (BXS ) (B(920)) + & (B(¢Xo)", BZ)E"
+gC< B(¢Xo)",BZ)E)
85 (V5 CBYO ¥ ,BZG) + 8°(BYy VS, CBZC)

+ (110(BZ))" (8(B9Xo, BY))“
+ (110(BZ0))“ (8(Bo X0, BYy))Y + (1i0(BYo))" (2(B9Xo, BZ0))“
+ (110(BYo))“ (8(BoXo, BZo))"
—(BX§)§ (BY , BZf) + (1i0(BZ0))" (8(BoXo, BYn))©
+ (110(BZ0))“ (8(BoXo, BY0))" + (1o (BYo)) (8(BoXo, BZ0))
+ (10(BYo))€ (8(B9Xo, BZp))" .
On solving, we get
AC(VgchYquZg) = (0(BZ))" (8(B¢Xo,BY0))“
+  (10(BZ))"(8(B9Xo,BYp))”
+  (Mo(BYo))" (8(B9Xo, BZp))
+  (110(BY0))“ (8(B¢Xo,BZ))" . (3.4)

Hence, we state the following:

Theorem 3.4. Let V be a QSSC with respect to Vin (M, 8) that fulfills equations (2.4) and (2.5). Then the QSSC V€ on a
Sasakian manifold with respect to V in (TM, §€) is represented by (3.4).

Now, applying the complete lifts on (2.4) and with the help of (2.6), we infer
(VexBY)C =(VpxBY)C — (1i0(BX ) (B9Yo))C + (8(BoXo,BY)E)C,
(VexBY)C =(VpxBY)C — (1io(BX )€ (BoYo)" +1io(BX)Y (B9Yn)C) + (8(BoXo, BY))°E)" + (8(B9Xo,BY)) €)C,
Ve BYS =V BYS — 10 (BXS) (BoYy ) +8°(B(9X0), BYS))E)” +8(B(9X0)" . BYS))E)C

for arbitrary vector fields Xy and Y; in S. Hence, from the equation (2.7) and the equation (3.1), we get

(B(VxY)+m(Xo, Yo)N) =(B(VxY)+h(Xo, ¥o)N)< — 11" (BXS ) (B(9¥0)") — 1ho (BXS ) (B(9¥0) )
°(B(9X0)“, BYS)) (BE) +2VN") +¢ (3(¢Xo) JBYS))(BE)E+ AN+ ACNY),
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B(VxY)< =B(VxY)© — 1l (BXS ) (B(9Y0)") — 1io” (BXS ) (B(9Y0) ) + & (B(9X0), BY§ ) (BE)”

m (XS, Y§INC +mC (X5 YEINT =h" (X§ Y INC + hE (XS, YSINT) + 1Y 8 (B(9X0), BYS IN')
+AGE(B(0X0)C, BYSINC) + A5 (B(0X0)C, BYEINY).

(Vx¥) =(Vx¥)C =0 (X§)(9%0)" =g (X§) (9%0) +8((9X0) ¥§)EY +2((9%0)" ¥§)EC, Vi K
=Vie¥s =5 (XG)(9%0)" —ng (X5)(9%0) +Z((9X0),¥5)EY +&((9X0)" . ¥7)E
We have
VRS = VieXs — X5 Y] = m§ (V) (9X0)" -+ g (V) (9X0) — 0§ (X§) (9%0)" — i (X5 (9%0)°

Similarly,

(3.5)

(3.6)

(3.7)
(3.8)

g(%f(ochCng) =X5 (8(Y5,Z5)) + (M0(20))" (9 X0), Y5) + (10(20))“&((9X0)" . Y5 ) + (1m0(¥o)) " 8((9X0), Z5)

+ (10 (Y0))“&((9X0) . Zg ),

6§ch)(YoC,Z€) =(10(Z0))" &((9X0),Y5) + (10(Z0)) & ((9X0)" . ¥y )
+(M0(¥0))"&((9X0) . Z5) + (110(¥0))“&((9X0)" . Z5)..

Hence, we state the following:

(3.9)

Theorem 3.5. Let V be a OSSC with respect to V in (S,g). Then the QSSC V€ on a Sasakian manifold with respect to V€ in

(TS,8) is represented by (3.9).
The QSSC V€ on (TS, ) is defined as

VEHS = VXS~ (X)(6%)" = 1 (X5) (9¥0)° + 8((9X0), ¥§)E¥ +((9%X0)" ¥§)EC.
On applying the complete lifts of (3.1), we get

ngOcEYoC :E(%)";()CY(?) +m (X5, Y§IN +mC (X5 Y5 NV
From the equation (3.6), we acquire

m (X§ . Yg) =h" (X5, Y5 ) + A8 (B(9Xo)" . BYG)

m (X Y§) =h" (X5 Y§) + 2" (B(0X0), BYS) + A¢° (B(9X0)" . BYSINY).
Thus, T'S is totally umbilical iff

m (Xo,Yo) =6§(Xo,Yo),

m (X0, Yo) =p&(Xo, Yo),

VXo,Yo € 34(S), where & and p are differentiable functions. If § = u = 0, then T'S is totally geodesic.
Hence, we state the following:

Theorem 3.6. T'S is totally umbilical corresponding to the QSSC VC on a Sasakian manifold iff it is totally umbilical or totally

geodesic with respect to VC.

4. Conclusion

We introduced and studied a Sasakian manifold immersed with a QSSM connection to the tangent bundle and some fundamental
results are obtained of it. Certain theorems on geometrical properties like totally umbilical, totally geodesic on a Sasakian

manifold on the tangent bundle are proved.



Universal Journal of Mathematics and Applications 175

Article Information

Acknowledgements: The authors would like to express their sincere thanks to the editor and the anonymous reviewers for
their helpful comments and suggestions.

Author’s Contributions: All authors contributed equally to the writing of this paper. All authors read and approved the final
manuscript.

Conflict of Interest Disclosure: No potential conflict of interest was declared by the author.

Copyright Statement: Authors own the copyright of their work published in the journal and their work is published under the
CC BY-NC 4.0 license.

Supporting/Supporting Organizations: No grants were received from any public, private or non-profit organizations for this
research.

Ethical Approval and Participant Consent: It is declared that during the preparation process of this study, scientific and
ethical principles were followed and all the studies benefited from are stated in the bibliography.

Plagiarism Statement: This article was scanned by the plagiarism program. No plagiarism detected.

Availability of Data and Materials: Not applicable.

References

[1] S. Golab, On semi-symmetric and quarter-symmetric linear connections, Tensor (N. S.), 29 (1975), 249.
[2] R.S. Mishra, S. N. Pandey, On quarter symmetric metric F-connection, Tensor (N. S.), 34 (1980), 1-7.
[3] M. N. I Khan, S. Lovejoy, On CR-structure and the general quadratic structure, J. Geom. Graph., 24(2) (2020), 249-255.
[4] H.M. Dida, F. Hathout, Ricci soliton on the tangent bundle with semi-symmetric metric connection, Bull. Transilv. Univ. Bras. Ser. III Math. Comput.
Sci., 1 (2021), 37-52.
[S] H.M. Dida, A. Ikemakhen, A class of metrics on tangent bundles of pseudo-Riemannian manifolds, Arch. Math. (BRNO) Tomus, 47 (2011), 293-308.
[6] E.Peyghan, F. Firuzi, U. C. De, Golden Riemannian structures on the tangent bundle with g-natural metrics, Filomat, 33 (2019), 2543-2554.
[7]1 M. Altunbas, Ricci solitons on tangent bundles with the complete lift of a projective semi-symmetric connection, Gulf J. Math., 14 (2023), 8-15.
[8] M. N. I Khan, F. Mofarreh, A. Haseeb, M. Saxena, Certain results on the lifts from an LP-Sasakian manifold to its tangent bundle associated with a
quarter-symmetric metric connection, Symmetry, 15(8) (2023), 1553.
[9] M. Tani, Prolongations of hypersurfaces of tangent bundles, Kodai Math. Semp. Rep., 21 (1969), 85.
[10] M. N. L. Khan, Submanifolds of a Riemannian manifold endowed with a new type of semi-symmetric non-metric connection in the tangent bundle, Int. J.
Math. Comput. Sci., 17(1) (2022), 265-275.
[11] B. Barua, S. Mukhopadhayay, A sequence of semimetric connection on a Riemannian manifold, Proceeding of Seventh National Seminar on
Finsler-Lagrange and Hamilton Spaces, Brasov, Romania, 1992.
[12] M. N. L. Khan, Novel theorems for metallic structures on the frame bundle of the second order, Filomat, 36(13) (2022), 4471-4482.
[13] H. A. Hayden, Subspace of a space with torsion, Proceeding of the London Math. Society II Series 34, 27, 1932.
[14] K. Yano, On semi-symmetric connections, Rev. Roum. Math. Pures et Appl., 15 (1970), 1579.
[15] M.N.L Khan, Liftings from a para-Sasakian manifold to its tangent bundles, Filomat, 37(20) (2023), 6727-6740.
[16] M. A. Choudhary, M. N. I. Khan, M. D. Siddiqi, Some basic inequalities on (€)-para Sasakian manifold, Symmetry, 14(12) (2022), 2585.
[17] T. Imai, Hypersurfaces of a Riemannian manifold with semi-symmetric metric connection, Tensor (N.S.), 23, (1972), 300.
[18] D. E. Blair, Contact Manifolds in Riemannian Geometry, Lecture Notes in Math., 509, Sringer-Verlog, Berlim, 1976.
[19] R. Kumar, L. Colney, M. N. I. Khan, Proposed theorems on the lifts of Kenmotsu manifolds admitting a non-symmetric non-metric connection (NSNMC)
in the tangent bundle, Symmetry, 15(11), 2037.
[20] S. Sasaki, Lectures Notes on Almost Contact Manifolds, Part 1, Tohoku University, 1965.
[21] H.I. Yoldas, S. E. Meric, E. Yasar, On generic submanifold of Sasakian manifold with concurrent vector field, Commun. Fac. of Sci. Univ. Ank. Ser. Al
Math. Stat. 68(2) (2019), 1983-1994.
[22] K. Yano, S. Ishihara, Tangent and Cotangent Bundles, Marcel Dekker Inc., New York, 1973.
[23] K. De, M. N. I. Khan, U. C. De, Almost co-Kdhler manifolds and quasi-Einstein solitons, Chaos, Solitons Fractals, 167 (2023), 113050.
[24] H.I. Yoldas, A. Haseeb, F. Mofarreh, Certain curvature conditions on Kenmotsu manifolds and * — no-Ricci solitons, Axioms, 12(2) (2023), 140.
[25] M.N.I. Khan, F. Mofarreh, A Haseeb, Tangent bundles of P-Sasakian manifolds endowed with a quarter-symmetric metric connection, Symmetry, 15(3)
(2023), 753.
[26] M. N. 1. Khan, U. C. De, Lifts of metallic structure on a cross section, Filomat, 36(18), (2022), 6369-6363.
[27] A. Friedmann, J. A. Schouten, Uber die geometric der halbsymmetricschen ubertragungen, Math Z., 21 (1924), 211.
[28] A.C. Gozutk, E. Esin, Tangent bundle of hypersurface with a semi-symmetric metric connection, Int. J. Contemp. Math. Sciences, 7(6) (2012), 279.
[29] L.S.Das, R. Nivas, M. N. L. Khan, On semi-invariant submanifolds of conformal K (&) contact Riemannian manifold, Algebras Groups Geom., 23(1)
(2006), 292-302.



	Introduction
	 Preliminaries
	Lifts of a QSSC to the Tangent Bundle on a Sasakian Manifold
	Conclusion

