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Abstract: In this study, we consider an inverse nodal problem of redogantegro-differential operator
with the Sturm-Liouville differential part and the integrzart of Volterra type. Furthermore, we obtain a
reconstruction formula for functiol. So, we reconstruct the operatowith a dense subset of nodal points
provided that the function is known. Even if not all nodes are taken as data but a densetsabnodes,
inverse problem is determined.
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1. Introduction

The inverse nodal problem which was first studied by McLawghil 1988 is the problem of
finding potential function and boundary conditions by usindy a dense subset of nodal points of
eigenfunctions. She posed and solved this problem for t@rSitiouville operator with Dirichlet
boundary conditions in addition to showing that knowledfje dense set of nodal points can alone
determine the potential function of the Sturm-Liouvillplem up to a constant. Independently,
Shen studied the relation between nodes and density fanatistring equation in 1988 (see [2]).
Moreover, nodal data can help to solve inverse problemséddain classes of operators such as
integro-differential and string operators (see [3], [4The nodes provide more information than
spectral data. Such type of problem was studied by many eutkee [5], [6], [7], [8], [9], [10],
[11], [12], [13], [14], [15], [16]).

We consider a perturbation of the Sturm-Liouville operdttpia Volterra type integral operator of
the form

X

Ly=—y'+a0y+ [ Mixty®dt = Ayxe 0,1 ®
0
Y(0) =y() =0, @
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whereA = p? is a spectral parametayandM are real-valued functions, € L,(0, 1) andM(x,t)
is integrable oD = {(x,t) : 0 <t <x < 1} (see [3], [4]).

The inverse problem for this operator consists of the recoction of the functionM from the
spectra by the assumption givgnin [4], Kuryshova and Shieh prove a uniqueness theorem and
provide reconstruction formula for the potential functigrunder the assumption integral per-
turbation is known. In this study, we obtain some asymptfatimulas for nodal parameters to
reconstruct the functioM by using a dense set of nodal points and the potential fumctian

this respect, our results differ more from the results wiaichgiven in [4].

However, classical inverse problem methods are not alwagkcable for integro-differential op-
erators. Then, there are comparatively few references@rda problem fol.. Nevertheless,
some authors have obtained some important results for tiegon (1)-(2) (see [17], [18], [19]).

Let S(x,A) be the solution of (1) with the initial conditions
S(0,4) =0,S'(0,A) =1, ®3)

of the form [3], [19],

: X T

S(x,A) = S'”épx) +/S'”[p(:_r)] (q(r)S(r,A)+/M(T,S)S(s,)\)ds) dr. (@)
0 0

LetO<x] <...<X) ;<mi=12..n—1 be the nodal points of theth eigenfunction The

double sequencéx} is called the nodal sequence associated with opetatoflso, letl =

(X", X 1] be thei-th nodal domain of the-th eigenfunction and = [I"| = X, ; — X" be the

associated nodal length. We also define the funcjigr) on (0, ) by jn(x) = max{i| X' <x}

[1].

2. Main Results

In this section, we obtain some asymptotic results for npdshmeters and a reconstruction for-
mula for the functionrM which is obtained as a solution of an inverse nodal problemceSthe
asymptotic expansions of nodal parameters corgginve express the relation of the eigenvalues
for the problem (1)-(2) which is given by Yurko in the follomg lemma (see [19]).

Lemma 1 ([19]). The eigenvaluegAn} ., of the boundary value problem (1)-(2) coincide with
the zeros of the functioA(A ) = S(r1,A) and have the following asymptotic formula, for— oo

m
M K _1
pn=VA=n+ 222 (Kol A1—2n0/q<t>dt. (5)
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Theorem 1. Letq e L1(0,7m) andM(x,t) € W2(D). Then, as1 — o,

(") $

X
NUSLN 12/[1—COS(ZPnT)]Q( )df——/'\" LT S'”(zp”r)dHO(%)’ ©
o 202 ) P

ﬂil X1

1 1 1

I-(”):£+—/ 1—cos(2p,T rdr——/M 1,7)Sin(20,T dr+o<—), 7

Birs ann[ (2pnT)la(T) 23 | (T, 7)sin(2pnT) 03 )
X %

for the problem (1)-(2).

Proof: We consider the solution of the integral equation (1)

sin(px) Xsin[p(x—r)] p
six4) = 20 +O/7p (q(r)S(r,A)+O/M(T,S)S(s,)\)ds) dr.

After some algebraic operations, we obtain

X
_sin(p sm (px) B cos(px)/ B
S(x,A) = 2p? /sm 2p7)q(T)dT 2p? J [1—cos(2p1)]q(T)dT
T
1 1
+— /sm /M Tssmpsdsdr+o( )
p? 5 p3

By using some trigonometric formulas and a change of vargln the last term, we obtain

X
_sin(p sm (px) cos(px)/ B
S(x,A) = 202 /sm 2pT1)q 2p? J [1—cos(2p1)]q(T)dT

X

_sin(p / (1,7)cog pr)dr+coz(p )/M(r,r)cos(pr)sin(pr)dr+o<p—13).
0

0
If S(x,A) =0, then as long as c@px) is not close to zero, then

X
_ tan(p tan (pXx) - 1 _
0 = 202 /sm 2p1)q(T)dT —2p20/[1 cos(2p1)]q(T)dT

X X
_tan(p / T,7)cos (pT)dT + 3/M(T,T)Sin(2pr)dr+o(p—]é>7
0 0
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and
tan(px) (1+o(%>> = %/X[l—cos(Zpr)]q(r)dr—%/XM(r,r)sin(Zpr)dhLo(%).
0 0

Now, we takep = p, andx = xi(”) for large values oh. Hence by Taylor's theorem for the
arctangent function for some integer

(n) (n)

% %
. 1 1 . 1
ani(n) :|n+—/[1—cos(2pnr)]q(r)dr——Z/M(r,r)sm(anr)erro(—Z).
2Pn A 2p5 PA
Then, the Riemann Lebesque lemma implies that,
() ()
i 1 1 . 1
Xi(n) _ ZT+_2 / [1—cos(2pn1)]q(T)dT — 5 M(r,r)3|n(2pnr)dr+o(—3>.
Pn 207 2 205 2 Pr
Therefore, the nodal length is
Xi<i)1 Xi<i)1
o T, 1 /[1—cos(2p Dg(1)dr — ~— / M(T, ) Sin(20nT) AT + 0( )
" 207 ) ) 203 ) ) P
X NG
or
- 1 Xi@l 1 Xi<£1r)1 1
I-(”):—+—/1—cosz T Tdr+—/M 7,7)dT +0(=).
=t [ - cosContla(mdr +oos [ M( T 4ol )
X" X"
Lemma 2. Suppose that € L (0, ). Then,
Xi<4r:)l
limpy [ G(tt)dt = G(xx).
X"

for almost every € (0, 1), with j = jn(X).

Proof. It can be proved by using similar way with in [8].
Theorem 2. Suppose thag € Ly (0, 1) andM (x,t) € W2(D). Then, the functioM satisfies

M(xx) = lim 203 (nl{™ ~ 1) ~ pra()]

for almost every € (0, 1) with j = jn(X).
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Proof: By Theorem 1,

- 1 %13 1 ﬁiﬁ 1
I-(”):—+—/ 1—cos(20,7)]q(T dr+—/M 1,7)dT+0(—).
" =t o | LcosamlamdT+ ooy [ M(rTdT o)
" "
By using some computations, we obtain
X7 X7
2p2 (pnli(”) - n) = Pn / [1—cos(2pnT)]q(T)dT + / M(7,7)dT+0(1).
Am Am
(n) (n)
Xii1 Xi 1
For the large values af, the termsp, | cos(2p,7)q(7)dT andp, [ q(7)dT tend to zero and
(n) (n)
% %
q(x), respectively. It can be shown easily by considering [8] aathina 2. If we use this fact, we
obtain
%13
on 202 (pol{™ = 1) ~a(x)] = pn / M(t,T)dT +0(1). ®)
()
Xi

Taking the limit on both sides of (8) as— o, and using similar procedure, we obtain

M(xx) = lim pn 202 (ul" = ) — a(x)] ©)

for almost every € (0, 7). This completes the proof.

3. Conclusions

In this study, we have attempted to reconstruct the givemabpel with a dense subset of the
nodal points provided that the functionis known. We have expressed a reconstruction formula
for the functionM.
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