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Abstract: The concentrated solar systems by using Stirling Engines (SE) become more and more important 

as its renewable, cheap operational and management aspects. Thus, the usage of power sources 

related to SEs and their model and simulations are growing among the scientists for better 

efficiency and performance under different operating states. In the present study, a new SE 

simulation scheme has been developed by operating under Matlab/Simulink. The code mainly 

models and studies the thermos-mechanical performance of a beta type SE. The model includes 

the extensions from the solar power side under a constant temperature together with thermal and 

mechanical outputs. Since it has been a nonlinear model, some transient and dynamic phenomena 

have been taken into account to complete the system operation from start-up to full power state. 

The detailed model and simulation results are promising by comparing the earlier analyses even 

for using a semi-empirical formulation for the electricity conversion. 
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1. INTRODUCTION 

Solar power is the main renewable energy source for our planet. Two types of solar energies have grown 

intensely for last decades: Photovoltaic (PV) and solar concentrated systems (SCSs). Since both of them 

require large installation areas, other renewable energy techniques can be used for small areas [1]. The 

solar Stirling engines can generate output power according to its dimension. Besides many factors such 

as the filled gas, diameters of piston and regenerator can affect the output power, drastically. The main 

characteristics of a SE are mechanical power generation, weight and price. Mainly the output power and 

dimensions are important because these two parameters play an important role to identify the system. 

In the SE system designs, the main goal is to decide the optimization of output power and dimensions. 

Indeed, SEs are designed for an external heat source operation such as parabolic solar dishes. 

Differences in temperatures of two sources would affect two ends of the machine. For the high 

temperature part, the fossil fuels such as oil, natural gas or renewable energy sources such as solar or 

biomass are used frequently. According to literature, there exist a number of different working gas types 

such as air, helium, hydrogen, nitrogen, etc. [2-5]. The gas works on a closed thermodynamic cycle with 

expansion and compression cycles at high and low temperature levels [6-9]. 

High temperatures make SE a major option of converting solar power to electrics due to high 

effectiveness. From the point of effectiveness, the SE systems have a good record of solar-to grid power 

conversion effectiveness [10]. Besides, the modeling of those systems still interesting because of the 

improvement in optimization [11]. In the present study, initially an analytical modeling of a beta-type 

Stirling engine has been performed. Then, a simulation study following the model equations has been 

carried out. In section 2, the analytical expressions have been presented. Next section gives the main 

results in accordance with the simulation code. Mainly the pressure, power and engine speed have been 

considered as main parameters. 

2. MODELLING STUDY 

The model of the Stirling engine (SE) has been considered by a thermodynamic cycle of a rhombic drive 

beta-configuration. The engine is achieved by using a so-called ideal adiabatic model based on Schmidt 

theory. According to his theory, a simplified engine model can be produced by considering five volumes 

[12]. In the present study, a similar method has been followed in order to obtain the working space 

volumes of the proposed design (Fig. 1(a)). The figure shows the schematic diagram of the single-

cylinder rhombic drive beta-configuration SE with a fixed acting temperature. The main working spaces 

for that configuration are cold - end space (i.e. compression space), regenerator space, and a hot - end 

space (i.e. expansion space). In that model, the movement of the displacer piston changes the volume of 

the expansion space. The regenerating space volume is also based on the connection between the 

displacer piston and displacer cylinder as seen in Fig. 1(b). The compression volume varies because of 

the movement of both displacer and power pistons. The prediction of alternate displacement, cyclic 

energy flow engine volumetric displacement, working fluid immediate mass, working fluid cycle 

pressure, and cyclic temperature are executed and discussed [13]. 
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(a) (b) 

Figure 1. (a) Schematic diagram of rhombic drive beta-configuration Stirling engine. (b) Geometric parameters. 

The numerical model consists of five main units. They are displacement equations, volumetric 

displacement equations, cyclic temperature equations, mass conservation equations, pressure equations 

and energy flow relations.  

2.1. Displacements Equations 

The displacement equations of the displacer and power piston connected with the rhombic drive 

mechanism are given below. Here, xp and yd are given as, 

𝑥(𝑡) =
𝑥0

2
(1 + 𝑐𝑜𝑠 (𝜃 −

𝜋

2
)) ; (1) 

𝑦(𝑡) =
𝑦0

2(1 + 𝑐𝑜𝑠𝜃)
; (3) 

Note that these expressions are standard as in Ref. [13]. The derivatives of the displacements are derived 

as, 

𝑥̇(𝑡) =
𝑥0

2
(1 + 𝑐𝑜𝑠 (𝜃 −

𝜋

2
)) ; (3) 

𝑦̇(𝑡) =
𝑦0

2(1 + 𝑐𝑜𝑠𝜃)
; (4) 

In above expressions, x(t), y(t) are the power piston and displacer displacements as functions of time. 

Besides, x0, y0, θ are the power piston and displacer piston strokes and piston crank angle. 

2.2. Volumetric Displacements 

The volumes of the expansion and compression space are denoted by Ve and Vc and can be calculated in 

terms of displacements and cross-sectional areas of the cylinders. The volumes should also be 

considered in that regard. The terms of expansion and compression space volumes can also be written 

as [14], 

𝑉𝑐(𝑡) = 𝑉𝑑_𝑐 + 𝑥(𝑡)𝐴𝑝(𝑦0 − 𝑦(𝑡))𝐴𝑑; (5) 

𝑉𝑒(𝑡) = 𝑉𝑑𝑒 + 𝑦(𝑡)𝐴𝑑; (6) 
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𝑉𝑐(𝑡) = 𝑉𝑑_𝑐 + 0.5𝑉𝑠𝑤𝑝 (1 + 𝑐𝑜𝑠 (𝜃 −
𝜋

2
)) + 0.5𝑉𝑠𝑤𝑑(1 − 𝑐𝑜𝑠(𝜃)); (7) 

𝑉𝑒(𝑡) = 𝑉𝑑𝑒 + 0.5𝑉𝑠𝑤𝑑(1 + 𝑐𝑜𝑠(𝜃)); (8) 

Here, while Vc, Vdc, Ve, Vde, Vswp, Vswd are compression space, compression space dead, expansion space, 

expansion space dead, power piston swept, displacer swept volumes, AP and Ad are power piston contact 

and displacer contact areas. The derivative of volumes can be obtained as, 

𝑉𝑐̇(𝑡) = −0.5𝑉𝑠𝑤𝑝𝜔 sin (𝜃 −
𝜋

2
) + 0.5𝑉𝑠𝑤𝑑𝜔 sin(𝜃) ; (9) 

𝑉𝑒̇(𝑡) = −0.5𝑉𝑠𝑤𝑑𝜔 sin 𝜃 ; (10) 

Here, 𝜔 is angular velocity in rad/s. 

2.3. Cyclic Temperature 

The gas temperature inside the compression, expansion, and regenerator spaces can be calculated using 

the equation of ideal gas state as follows: 

𝑇𝑐(𝑡) =
𝑃𝑉𝑐

𝑅𝑚𝑐
⁄  (11) 

𝑇𝑒(𝑡) =
𝑃𝑉𝑒

𝑅𝑚𝑒
⁄  (12) 

𝑇𝑟 =  
(𝑇ℎ − 𝑇𝑘)

𝑙𝑛(𝑇ℎ 𝑇𝑘⁄ )
 (13) 

The temperatures of the gas mass flow between the compression space and the cooler are determined 

by, 

𝑇𝑐𝑘
=  𝑇𝑐        𝑖𝑓  𝑚𝑐𝑘

 ≤ 0        (14) 

  𝑇𝑐𝑘
=  𝑇𝑘        𝑖𝑓  𝑚𝑐𝑘

 > 0   (15) 

Note that mck is the gas mass flow rate between the compression and the cooler spaces in unit kg/s and 

Tc, Tk, Tcr are temperatures of gas in the compression, cooler spaces and the temperature of gas mass 

flow between the compression and the regenerator spaces in Kelvin degrees. The temperature of the gas 

mass flow between the heater and compression spaces can be obtained by, 

𝑇𝑒ℎ =  𝑇ℎ         𝑖𝑓  𝑚𝑒ℎ  ≤ 0        (16) 

𝑇𝑒ℎ =  𝑇𝑒        𝑖𝑓  𝑚𝑒ℎ  >  0        (17) 

As in Eqs. [14,15]. Here meh gives the gas mass flow rate between the expansion and the heater spaces. 

Besides, Te, Th, Teh are the temperatures of gas in the expansion and heater spaces and the temperature 

of gas mass flow between the expansion and the heater spaces. 

2.4. The Mass Conservation Equations 

The conservation of mass for the control volumes can be summarized as follows: 

𝑚𝑒 =
𝑃𝑉𝑒

(𝑅𝑇ℎ)⁄  ,       (18) 

  

where 𝑚𝑒 denotes the mass of working fluid in expansion space. For the compression space, 
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𝑚𝑐 =
𝑃𝑉𝑐

(𝑅𝑇𝑐)⁄  (19) 

where 𝑚𝑐 denotes the mass of working fluid in compression space and for the regenerator space, 

𝑚𝑟 =
𝑃𝑉𝑐_𝑟

(𝑅𝑇𝑟)⁄  (20) 

where 𝑚𝑟 denotes the mass of working fluid in regenerator space. For the heater and cooler parts, 

𝑚ℎ =
𝑃𝑉ℎ

(𝑅𝑇ℎ)⁄  (21) 

where 𝑚ℎ denotes the mass of working fluid in heater and 

𝑚𝑘 =
𝑃𝑉𝑘

(𝑅𝑇𝑘)⁄  (22) 

where 𝑚𝑘 denotes the mass of working fluid in cooler. The total mass in that case can be written as, 

𝑀 =  𝑚𝑒 + 𝑚𝑐 + 𝑚𝑟 + 𝑚ℎ + 𝑚𝑘 (23) 

In order to simplify the simulations, one re-considers the reduced mass rates as follows: 

𝑚𝑒̇ =  
𝑚𝑒𝑃́

𝑃
⁄  (24) 

𝑚𝑐̇ =  
(𝑃𝑉́𝑐 + 𝑉𝑐𝑃́ 𝛾⁄ )

(𝑅𝑄𝑘)
⁄  (25) 

𝑚𝑟̇ =  
𝑚𝑟𝑃́

𝑃
⁄  (26) 

𝑚𝑟̇ =  
𝑚ℎ𝑃́

𝑃
⁄  (27) 

𝑚𝑘̇ =  
𝑚𝑘𝑃́

𝑃
⁄  (28) 

2.5. Pressure 

By recalling the ideal-gas equation, 

𝑃𝑉 = 𝑀𝑅𝑇 (29) 

the fluid pressure inside the cylinder can be found by, 

𝑃(𝑡) =  
𝑀𝑅

(
𝑉𝑐
𝑇𝑘

+
𝑉𝑘
𝑇𝑘

+
𝑉𝑟
𝑇𝑟

+
𝑉ℎ
𝑇ℎ

+
𝑉𝑒
𝑇ℎ

)
 

(30) 

Here, 

𝑇𝑟 =  
(𝑇ℎ − 𝑇𝑘)

𝑙𝑛(𝑇ℎ 𝑇𝑘⁄ )
 (31) 

Exists and the derivative of Eq. 30 yields to 
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𝑃̇(𝑡) =  
𝛾(𝑉́𝑐(𝑡) 𝑇𝑐_𝑘⁄ + 𝑉́𝑒(𝑡) 𝑇ℎ_𝑒⁄ )

[𝑉𝑒 𝑇𝑐𝑘
+ 𝛾(𝑉𝑘 𝑇𝑘⁄ + 𝑉𝑟 𝑇𝑟 + 𝑉ℎ 𝑇ℎ⁄⁄ ) + 𝑉𝑒 𝑇ℎ_𝑒⁄⁄ ]

 (32) 

2.6. Cyclic Energy Flow 

The instantaneous indicated work output in the engine can be calculated in the following form: 

𝑑𝑊𝑖

𝑑𝑡
=

𝑑𝑊𝑐

𝑑𝑡
+  

𝑑𝑊𝑒

𝑑𝑡
= 𝑃𝑐

𝑑𝑉𝑐

𝑑𝑡
+ 𝑃𝑒  

𝑑𝑉𝑒

𝑑𝑡
 (33) 

Finally, the indicated power can be formulated as, 

𝑊𝑖 = ∫ (
𝑑𝑊𝑐

𝑑𝑡
+  

𝑑𝑊𝑒

𝑑𝑡
)

𝜏

0

𝑑𝑡 = ∫ (𝑃𝑐

𝑑𝑉𝑐

𝑑𝑡
+ 𝑃𝑒  

𝑑𝑉𝑒

𝑑𝑡
) 𝑑𝑡

𝜏

0

 (34) 

𝑃𝑖 =  𝑊𝑖𝑓 (35) 

The simulation code has been written in Matlab and it initially solves the equations in time domain. If 

averaged volume, power or pressure are required for the formulation, the averaged values for certain 

time span are taken into account. 

3. RESULTS and DISCUSSION 

The performance of the Stirling engine has been studied in different operating conditions according to 

various applied temperatures such as Th and Tc. The model can examine various applied pressures and 

engine speeds as in the sketched diagram of Fig. 2. By using various input values, the thermos-

mechanical part has been solved. At the end, many functions such as displacements, volumes and 

pressure can be obtained as outputs.  

The displacements of the power piston and displacer of SE are initially shown in Fig. 3, respectively. 

These plots prove that the pistons work systematically with a perfect sinusoidal form and also the phase 

shift between the pistons are preserved by time.  

Fig. 4. shows the change of the cylinder pressure and volume versus the crank angle of the engine at 

700 rpm engine speed. Note that temperature has been kept at 800 °C for that simulation. The peak value 

of the cyclic pressure curve is obtained as 5.8 bars for the applied pressure of 4 bars. In the plot, θ = 0 

corresponds to the top dead center of the displacer, which means that the massive amount of the working 

fluid has been in the compression volume, when the compression process has already begun. However, 

while the displacer moves downward, the working fluid is displaced from compression volume to the 

hot volume above the displacer. During this process, there exists a negative work on the piston and that 

process continues until piston reaches to its top dead center, which is also denoted as PTDC. 
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Figure 2. Simulation model of the study system 

 

  
(a) (b) 

Figure 3. (a) Power piston and (b) displacer displacement versus time at 700 rpm and Th=800 °C. 

  
(a) (b) 

Figure 4. (a) Pressure and (b)volume versus crank angles 
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Higher compression pressure requires more energy to compress the working fluid. Therefore, maximum 

pressure, which occurs before PTDC causes a dramatic increase in compression process, which is the 

main factor for the reduction of the cyclic works generation. 

Fig. 5(a,b) shows the P-V diagrams for two different hot end temperatures. While the cycling area for 

Th=400 K is narrow as in Fig. 5(a), it has been enlarged for Th=800 K as seen in Fig. 5(b). Although, 

both diagrams have been obtained under 4 bars charge pressure, 700 rpm engine speed and a 30 °C cold 

end temperature, which has been kept constant by a cooled water system, the generated works differs as 

usual by temperature differences. For instance, when the applied temperature is 400 °C, work generation 

has been obtained as 26.8 J. Indeed, work generation increases up to 32.2 J, when temperature has been 

raised to 800 °C. The increase in the cyclic work generation has been found as 5.4 J, while the hot end 

temperature is ranging from 400 °C to 800 °C. 

In order to explore the output power of the SE, Figs. 6 ,7 are plotted following the simulations. Note that 

the output power can have different values according to the engine speed under various applied 

pressures.  

For the clarity, we have applied 1,2,3,4 and 5 bars pressure rates at two main hot end temperatures such 

as 600°C and 800°C, respectively. It has been found that the output power increases with the engine 

speed up to a certain value and then it suddenly starts to decrease. Such results also exist in the literature 

that the SE always produces an optimal power – speed relation, when the derivation of power with 

respect to speed comes to “zero”. Such a tendency is normal for all heat engines, since there exists a 

unique speed point, where the maximal power is generated. Indeed, such a relation is due to the produced 

mechanical torque, which depends on power and speed itself. 

  
(a) (b) 

Figure 5. Pressure vs Cylinder volume 
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(a) (b) 

Figure 6. Power versus engine speed for various applied pressures 1,2,3,4,5 bars at (a)Th=600 oK and (b) 

Th=800 oK. 

Figs. 6(a,b) proves that the increasing pressure also affects the power generation. For instance, power 

can be increased upto 4 kW from 1.5 kW by enhancing the pressure fivefold at 600 K. When the hot 

end temperature is increased to 800 K, the power reaches above 6 kW. Thus, the pressure-dependence 

is an important finding for such engines.  

In order to determine the mechanical torque variations at the hot end temperatures 600°C and 800°C, 

the findings are summarized in Fig. 7(a,b). The highest torque (i.e. 2.6 Nm) has been obtained at 5 bars 

and 428.6 rpm for 600°C hot end temperature. In addition, the torque value 3.7 Nm is also obvious at 

613 rpm for the hot end temperature of 800°C. It is clear from the plots that torques decay regularly by 

increasing speed as usual. Since Helium gas has been used in the simulations as working gas, that 

conventional performance has resulted due to good heating/cooling activities appearing at lower engine 

speeds. Note also that increasing pressure yields to higher torque values. 

  
(a) (b) 

Figure 7. Torques versus engine speeds for various applied pressures at (a) Th=600 K and (b) Th= 800 K. 

In order to clarify the power and torque relation for varying speed, Fig. 8(a) has been depicted. It is 

obvious that the multiplication of torque values and speeds yield to the corresponding power values as 
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(a) (b) 

Figure 8. Output power and mechanical torque versus (a) engine speed and (b) hot end temperature. 

Consequently, Fig. 8(b) shows the relation of power and torque between the hot end temperature. It has 

been proven that both engine power and the torque increase with the temperature. Therefore, it has been 

concluded that temperature is another key parameter in order to generate high powers as in the literature. 

The new model can be used for a variety of engine parameters and those results can be used to 

manufacture new machines with a desired power scale. 

The application of a mathematical formula to approximate the manner of a physical system is usually 

accomplished in the lab. The most common such approximation is a polynomial fitting to a collection 

of data. This is usually done using a least squares method, which we applied to our experiment output 

data to derive the relation of rotational speed with output ac voltage and power for the electric generator, 

as shown in Fig. 9(a,b). 

  

(a) (b) 

Figure 9. Fitting of generator rotational speed versus output AC voltage in the case of using (a) air media and 

(b) Helium gas 
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570 rpm. According to Fig. 10(b,d), the generated electrical power and the output ac voltage have been 

drawn with respect to rotational engine speed. Here the same linear way as in the case under air media 

continues, whilst the values of electric power and ac voltage become higher compared to the case with 

air, reach to 200 W, and 37 V respectively at 750 rpm. This result indicates that power and voltage 

increase at least 5 times compared to the case with air. 

  
(a) (b) 

Figure. 10. Engine speed versus output power and ac voltage in the case of using (a) air (b) Helium gases, 

respectively. 

4. CONCLUSIONS 

In the present study, a new numerical tool has been introduced in order to estimate the parameters of a 

beta-type Stirling engine. The code works under Matlab/Simulink package. The findings are considered 

to be parallel to the literature in terms of speed, pressure, temperature and power. One can easily adjust 

the physical dimensions of the machine and has the output power and torque values. The designed engine 

can produce 1.5 kW power at 1 bar and 600 K hot end temperature. That power can be increased further 

6 kW by adjusting high hot end temperature and pressure. According to literature, increasing pressure 

can reduce the thermal efficiency of the engine. Since the input heat to the expansion cylinder is 

increased with the heat source temperature. Then, the rotational speed and the output power are elevated 

by increasing the heat source temperature. However, the temperature Th should be strictly restricted by 

the thermal expansion of the materials of the heating head and that can produce a natural limit for the 

output power. According to our theoretical model, we have produced a semi-empirical formulation from 

the real experiment, thereby one can estimate the electrical power generated by a certain rotation rate of 

the Stirling engine. 
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