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Coefficient bounds for certain subclasses of
analytic functions of complex order

Serap Bulut*

Abstract

In this paper, we introduce and investigate two subclasses of analytic
functions of complex order, which are introduced here by means of
a certain nonhomogeneous Cauchy—Euler-type differential equation of
order m. Several corollaries and consequences of the main results are
also considered.
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1. Introduction, definitions and preliminaries
Let R = (—o00, 00) be the set of real numbers, C be the set of complex numbers,
N:={1,2,3,...} = No\ {0}
be the set of positive integers and
N*:=N\{1} ={2,3,4,...}.

Let A denote the class of functions of the form
(1.1)  f(2) zz—l—Zaizi
i=2

which are analytic in the open unit disk

U={z:2€C and |[z|<1}.
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Recently, Faisal and Darus [8] defined the following differential operator:
D°f (2) f(2),
Dhasmr() = () e (M) r e,

a+pf a+f
D3 (a, B, ) f (2) D (D} (a, B, 1) f (2))

(1.2) DX (a,B,m) f(2) = D(D3"(a,B,m) f ().
If f is given by (1.1), then it is easily seen from (1.2) that

N0 +8)
a+f i

(1.3) DX (e, B,pm) f(2) =2+ Z <

(feA a,B,u,A>0; a+ B #0;n€Ny).

By using the operator DY (a, 3, ), Faisal and Darus [8] defined a function class
W (n,a, 8,1, A,¢,7,€) by

1 (2¢O (o) f(2) + (1= Q) DX (o, Bo) [ ()]
%{1%( CDLT (@ B p) (2) + (1= Q) D (o B 1) £ (2) 1)}”’

(2€U;0<y<1;0<¢<1;£eC\{0})

and also investigated the subclass ® (n, o, 8, u, A, ¢, 7, &, 7) of the analytic function class
A, which consists of functions f € A satisfying the following nonhomogenous Cauchy-
Euler differential equation:

2

o d“w dw
2 —|—2(1+7)de

(w=f(z) €A; g€V (n,a,B8,1,A,(7,8); 7€ (—1,00)).
In the same paper [8], coefficient bounds for the subclasses ¥ (n,a, 8, u, A, (,7,€) and
D (n,a, B, pu, A\, ¢, v, &, 7) of analytic functions of complex order were obtained.
Making use of the differential operator DY (a, 3, 1), we now introduce each of the
following subclasses of analytic functions.

+71+71w=>04+7)24+7)q(2)

1. Definition. Let g : U — C be a convex function such that
g(0)=1 and R{g(z)} >0 (z€0).
We denote by M, (n, o, 8, i, A, ¢, €) the class of functions f € A satisfying
141 ( [CDR* (0, ,m) £ (2) + (1 =) DS (0, o) £ (2)]
&\ DY (@B F(2) + (1= Q) D (e, Bop) £ (2)
where z € U; 0 < ¢ < 1; £ € C\ {0}.

2. Definition. A function f € A is said to be in the class My (n, a, 8, 1, A, ¢, & m, 7) if
it satisfies the following nonhomogenous Cauchy-Euler differential equation:

md"w m me1d™ w m et N i .
z dzm+<1>(7+m1)z dzm_1+“'+<m>wg(T+J)—q(2)H)(TJrJJrl)

(14) (w=f(z)€A; geMy(n, 0o, B, 1,0, (,€8); meN"; 7€ (—1,00)).
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Remark 1. There are many choices of the function g which would provide interesting
subclasses of analytic functions of complex order. In particular,
(i) if we choose the function g as
(2) 1+ Az
2: =
g 14 Bz

it is easy to verify that g is a convex function in U and satisfies the hypotheses of Definition
1. If f € Mg (n, e, B, iy A, C, &), then we have

12D @B f()+ (=D (@B m ()] || | 1+A4z
E\ DY (. B,m) f (2) + (1= ¢) Dy (a, B, 1) £ (2) 1+ Bz
We denote this new class by H (n, a, 8, i, A, ¢, €, A, B). Also we denote by

B (n,a, B, 1, A, ¢, & A, B;m, 1) for corresponding class to My (n, a, 8, u, A, (, & m, 7);
(ii) if we choose the function g as

_1+(1-29)z
g(z) = T
it is easy to verify that g is a convex function in U and satisfies the hypotheses of Definition
1. If f e Mg (n, e, B, 1y A, C, &), then we have

1(2[¢D3 (a8, w) f(2) + (1= Q) DX (. B,m) f (2)] Z
%{Hg( ¢DL (@, o) f (2) + (1= Q) DY (o, B, ) £ (2) 1)}>v (€0),

(-1<B<AKL1; z€0),

1+

(z€U).

(0<y<1; z€U),

that is

few(n’a7/87/‘ll’A’C7’y7§)'
Remark 2. In view of Remark 1(i¢), by taking

g(z):1+(172'y)z

1-=2
in Definitions 1 and 2, we easily observe that the function classes

Mg (n,a,ﬂ,,u,)\,C, 5) and Mg (n7a767M7>‘7C7£;277—)

become the aforementioned function classes

\I](n7a767u7)\7c777§) and <I)(n7a767/1'7)‘7€7775a7—)7

respectively.
In this work, by using the principle of subordination, we obtain coefficient bounds for
functions in the subclasses

Mg (nyaaﬂ7,u7>\7<7£) and Mg (n7a767ﬂa)‘7<7§;m77—)

of analytic functions of complex order, which we have introduced here. Our results would
unify and extend the corresponding results obtained earlier by Robertson [13], Nasr and
Aouf [12], Altintas et al. [1], Faisal and Darus [8], Srivastava et al. [16], and others.

In our investigation, we shall make use of the principle of subordination between
analytic functions, which is explained in Definition 3 below (see [11]).

0<y<1; z€l)

3. Definition. For two functions f and g, analytic in U, we say that the function f (z)
is subordinate to g (z) in U, and write

f(z)<g(z) (z€0),
if there exists a Schwarz function w (z), analytic in U, with

w(0)=0 and |w(2)| <1 (z€0),
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such that

f(Z) =g (2) (z€0).

In particular, if the function g is univalent in U, the above subordination is equivalent to
f(0)=g(0) and f(U)cCg(U).

2. Main results and their demonstration

In order to prove our main results (Theorems 1 and 2 below), we first recall the
following lemma due to Rogosinski [14].

1. Lemma. Let the function g given by
= Z b 2" (z€)
k=1

be convex in U. Also let the function f given by
- k
= Z Az (Z S U)
k=1

be holomorphic in U. If
f(z) <a(z) (2€D),
then
lak] < |b1] (keN).
We now state and prove each of our main results given by Theorems 1 and 2 below.

1. Theorem. Let the function f € A be defined by (1.1). If the function f is in the
class MQ (TL, Q, /87 K, A7 Cv é-) ) then

m+5r“iiu+mm<m

I R e e Er N v e S

Proof. Let the function f € A be given by (1.1). Suppose that the function F(z) is
defined, in terms of the differential operator DY («, 8, 1), b,
(22)  F(2) =DV (@, B, 0) f(2) + (1= Q) DX (. B,p) f (2) (2 €1).

Then, clearly, J is an analytic function in U, and a simple computation shows that J has
the following power series expansion:

(2.3)  F(2)=z+ iAizi (z €U,

where, for convenience,
e+ Cu+ N (E-D+ o+ (p+M)(@-1)+4"

(24) A= — a; (i €N").
(a+B)" T ( )
From Definition 1 and (2.2), we thus have
g’/
14 = (Z 1) Eg (z € ).
Let us define the functlon p(z) by

(2)
25 (2)
(2.5)  p(z )—1—&-5( 5 () 1> (z € ).
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Hence we deduce that

p(0)=9(0) =1 and p(z) eg(U) (z€0).
Therefore, we have

p(z) <g(z) (z€0).

Thus, according to the Lemma 1, we obtain

()
eo [Pl wem.

Also from (2.5), we find
(27)  2F(2) = [1+€(p() — DIF(2).
Next, we suppose that
(2.8) pz)=14ciz+ecz’+--- (2€0).
Since A1 = 1, in view of (2.3), (2.7) and (2.8), we obtain
(29 (-1DA=&{cici+ci240+-+adi} (BENT).
By combining (2.6) and (2.9), for i = 2, 3,4, we obtain
4o < 1€l [4'(0)]

4] < 18 lg'(0) (1 + [¢]19"(0)])
— 2! )

A < €11g"(0)] (1 + [€] 19" (0)]) (2 + [€] 19" (0)1)
_— 3! b
respectively. Also, by using the principle of mathematical induction, we obtain

=2

I1 7+ I€l1g"(0)1]

- (i— 1)

Now from (2.4), it is clear that

|Ai| < (i € N*).

(a+ 8" T +1ellg O]

=D+ ¢(p+ N E—=D)+ 8] [at (p+A)@E—1)+p5]"
This evidently completes the proof of Theorem 1. i

la;| <

(1 e N").

2. Theorem. Let the function f € A be defined by (1.1). If the function f is in the
class MQ (n7 Q, 63 K, Av Ca '57 m, T) ) then

(a8 TLL+1ellg O TL (r+7+1)
Jas| < = L

(1 eN").

m—1

(=D a+¢(u+A) (=1 +8] ot (n+A) (@ —1)+ A" l_[0 (T+j+1)
j=
Proof. Let the function f € A be given by (1.1). Also let
h(z) =2+ biz' € My (n,0, 8,11, (,€).

=2
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Hence, from (1.4), we deduce that
m—1
II (r+i+1)
= b (€N, TE(-1,00)).

m—1
II 7+i+9)
j=0

Thus, by using Theorem 1, we obtain

i—2

3
L

(a+8)"" T1 7+ 1€l1g'(0)]] [T (r+j+1)
la;| < — - =0 - - ::,Ol .
(=D'a+C(p+A)@E=1)+8] [+ (p+A)(i—1)+p] 1;[0 (745 +14)

This completes the proof of Theorem 2. |

3. Corollaries and consequences

In this section, we apply our main results (Theorems 1 and 2 of Section 2) in order to
deduce each of the following corollaries and consequences.

1. Corollary. ([19]) Let the function f € A be defined by (1.1). If the function f is in
the class Mg (07 Q, /83 Ky )\7 C? §) = 89 (C? 5)7 then

L1+ 1€l 19/ )]

(i—_l)!(l—i—C(i—l))

2. Corollary. ([19]) Let the function f € A be defined by (1.1). If the function f is in
the class Mg (0, a, B, i, A, ¢, &sm, 7) = Kg(¢, &, m; ), then

lai| < (teN").

T+l T e+
jai| < == ‘ — (i€ N%).
G—1)1+¢@E-1)) E[O(T+j+i)

3. Corollary. ([17]) Let the function f € A be defined by (1.1). If the function f is in
the class My (n,1,0,0,1,¢, &) = Mg(n, (, &), then

i-2

[T G+ 1¢l1g"(O)]

lai] < o

i (14¢6E—-1)@E—-1)!
4. Corollary. ([17]) Let the function f € A be defined by (1.1). If the function f is in
the class My (n,1,0,0,1,¢,&;2,7) = My(n,(,&;7), then

(t e N").

(1) @+ T+ 1619 O
s Farcioy - narieny GV
Setting
m=2 and g(z):%_jwz (0<~v<1; 2€0)

in Theorems 1 and 2, we have following corollaries, respectively.
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5. Corollary. [8] Let the function f € A be defined by (1.1). If the function f is in the
Class W (n7 a? /B’ /‘L’ >\7 C’ ’y? 6)7 then
i—2
(a+ )" HO b +21¢l (1 =]

ail < — . , - (ieN).

S e d NG DAt anG-nrar Y
6. Corollary. [8] Let the function f € A be defined by (1.1). If the function f is in the
Class (b (n7 a7 ﬁ7 l’[’7 A7 C7 ’7/7 £7 7—)7 then

(7)Y @47 (a+8)" TL 1+ 20e (1 —7)]

L Py PG W y F § Ty TRy VY Fp iy vy VY e sy LGSR

For several other closely-related investigations, see (for example) the recent works [1-7,
12, 13).
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